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ON THE CUSPIDAL SUPPORT OF DISCRETE SERIES FOR P-ADIC QUASISPLIT 

Sp{N) AND SO{N) 

BIN XU 


Abstract. Zelevinsky’s classification theory of discrete series of p-adic general linear groups has been well 
known. Moeglin and Tadic gave the same kind of theory for p-adic classical groups, which is more compli¬ 
cated due to the occurrence of nontrivial structure of L-packets. Nonetheless, their work is independent of 
the endoscopic classification theory of Arthur (also Mok in the unitary case), which concerns the structure 
of L-packets in these cases. So our goal in this paper is to make more explicit the connection between these 
two very different types of theories. To do so, we reprove the results of Moeglin and Tadic in the case of 
quasisplit symplectic groups and orthogonal groups by using Arthur’s theory. 


1. Introduction 

Let F be a p-adic field and G be a quasisplit connected reductive group over F. We consider pairs 
(M, TTcusp) for G, where M is a Levi subgroup of G and iTcusp is an irreducible supercuspidal representation 
of M{F). Such pairs carry an action of G{F) by conjugation, i.e., 

{M,7rcuspy = {M^, TTcusp) ^ 

where IVF = g~^Mg, and T^cuspi'm) = 'Kcusp{9mg~^) for m G M{Fy. For any pair {M,TTcusp), let 
P = MN he any parabolic subgroup containing M, and we have the normalized parabolic induction 
Indp(7rcMsp (g) Iw). For simplicity we always abbreviate this to Indp(7rcMsp), and we have the following 
facts about the parabolic induction. 

(1) Indp(7rcu5p) is a smooth representation of finite length, i.e., the semi-simplification s.s.Indp(TTcusp) 
of Indp(7rcu5p) is a direct sum of finitely many irreducible smooth representations. 

(2) For g G G{F), s.s.Indp(7rcusp) = s.s.Ind%(7rcusp) for any parabolic subgroup P' containing . 

It is a theorem of Bernstein and Zelevinsky [BZ77| that all irreducible smooth representations of G{F) 

can be constructed by parabolic induction from supercuspidal representations. 

Theorem 1.1 (Bernstein-Zelevinsky). For any irreducible smooth representation tt ofG{F), there exists 
a unique pair (M, TTcusp) up to conjugation by G{F) such that 

TT C S.S.Indp (TTcusp)- 

Moreover, one can always find P' containing M such that 

TT ^ Indp, (TTcusp) 

as a subrepresentation. 

Remark 1.2. The G(F)-conjugacy class of pairs (M, TTcusp) in this theorem is called the cuspidal support 
of TT. For our later purposes, we would like to fix a Borel subgroup B of G together with a maximal 
torus T F B, and we have the standard parabolic subgroups P = MN, i.e., P D B,M FT. Then this 
theorem implies that for any irreducible smooth representation tt of G, one can always find a standard 
parabolic subgroup P = MN with a supercuspidal representation TTcusp of M such that tt ^ Indp (vTcnsp) 
as a subrepresentation. 

Based on this theorem, it is natural to ask the following questions. 
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Question 1.3. How to determine the cuspidal support of any irreducible smooth representation ofG{F)? 

Question 1.4. How can one classify the irreducible unitary representations of G{F) in terms of their 
cuspidal supports? 

Question 1.5. How can one classify the irreducible discrete series representations of G{F) in terms of 
their cuspidal supports? 

Question 11.31 is properly the most difficult one, and we are not able to say much about it here. Ques¬ 
tion oi is often referred to as the nnitary dual problem, and it has been solved for GL{n) |Tad86] . 
For the classical groups, Tadic and Muic have done many works (see |Tad09j . [MTllj l. and again we 
will not say anything about it here. Our main interest is in Question 11.51 and it has the most complete 
theories for both GL{n) (see [ZelSOj l and classical groups (see |Moeg02| , |MT02| 1. Our goal is to present 
the results for the quasisplit symplectic groups and special orthogonal groups. To be more precise about 
what we want to show, we need to introduce some notations. 

If G = GL{n), let us take B to be the group of upper-triangular matrices and T to be the group of 
diagonal matrices, then the standard Levi subgroup M can be identified with GL{ni) x • • • x GL{nr) 
through 

/GL(ni) \ 

\ GL{nr)j 

(51, • • • ,5r) —^ diag{5i, • • • ,gr] 

with respect to any partition of n = ni re^. So an irreducible supercuspidal representation iTcusp 

of M(F) can be written as TTcusp = vri (8) ■ ■ ■ <8> where TTj is an irreducible supercuspidal representation 
of GL{ni,F) for 1 ^ ^ r. For simplicity, we denote the normalized parabolic induction lndff{7rcusp) by 

TTi X • • • X TTj,. An irreducible supercuspidal representation vr of GL(n, F) can always be written in a unique 
way as p\\^ := p ® \ det(-)|^ for an irreducible unitary supercuspidal representation p and a real number 
X. To fix notations, we will always denote by p an irreducible unitary supercuspidal representation of 
GL{dp, F). Now for a finite length arithmetic progression of real numbers of common length 1 or —1 

X,--- ,y 

and an irreducible unitary supercuspidal representation p of GL{dp), it is a general fact that 

p\rx---xp\\y 

has a unique irreducible subrepresentation, denoted by < p;x, - ■ ■ ,y > or < x, • • • ,y >■ If x ^ y, it is 
called a Steinberg representation; if x < y, it is called a Speh representation. Such sequence of ordered 
numbers is called a segment (cf. Appendix [B]l . In particular, when x = —y > 0, we can let a = 2x-|-l € Z 
and write 

^ / N a — 1 a — 1 

St{p, a) :=< , • • • ,- — >, 

which is an irreducible smooth representation of GL{adp, F). In fact it is a discrete series representation 
by Zelevinksy’s classification theorem. 

Theorem 1.6 (Zelevinsky |Zel80| L All irreducible discrete series representations of GL{n,F) can be 
obtained in a unique way as St{p, a) for certain irreducible unitary subpercuspidal representation ofGL{dp) 
and integer a so that n = adp. 

If G = Sp{2n), let us define it with respect to 



Jn 

0 
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where 


Jn — 


Vi 


We take B to be subgroup of upper-triangular matrices in G and T to be subgroup of diagonal matrices 
in G, then the standard Levi subgroup M can be identified with GL{ni) x • • • x GL{ny.) x G_ for any 
partition n = ni + ■ ■ ■ + Ur + n- and G- = 5p(2n_) as follows 


/GL(ni) 


0 \ 


GL(nr) 

G- 

GL{nr) 


\ 0 


GL{ni)J 


( 1 . 1 ) 


ioi,-■■9r,g) —^ diag{ 5 i, 


idriditdr 1 


I tdl 




where t9i = Jni^9iJn^ for 1 ^ i ^ r. Note n_ can be 0, in which case we simply write 5p(0) = 1. So 
an irreducible supercuspidal representation -Kcusp of M(F) can be written as TTcusp = vri (g) ■ ■ ■ (g) tt^ (8) cr 
where TTj is an irreducible supercuspidal representation of GL{ni,F) for 1 ^ i ^ r and a is an irreducible 
supercuspidal representation of G-{F). For simplicity, we denote Indp (vTcusp) by tti x • • • x vr,, x a. Note 
that a is always unitary. The discussion here can be easily extended to special orthogonal groups. 

If G = SO{N) split, we can define it with respect to Jat. When N is odd, the situation is exactly 
the same as the symplectic case. When N = 2n, there are two distinctions. First, the standard Levi 
subgroups given through the embedding (|l.lll do not exhaust all standard Levi subgroups of SO{2n). To 
get all of them, we need to take the 0o-conjugate of M given in (11.11) . where 


( 1 . 2 ) 


/I 




Oo = 



V 1/ 

Note 7 ^ M only when n_ = 0 and Ur > 1. In order to distinguish the 0o-conjugate standard Levi 
subgroups of SO{2n), we will only identify those Levi subgroups M in (jl.ip with GL{ni) x • • • x GL(nr) x 
G_, and we denote the other simply by M®°. Second, if the partition n = ni + n_ satisfies 

Ur = 1 and n_ = 0, then we can rewrite it as n = ni • ■ + nr-i + n'_ with n'_ = 1, and the corresponding 
Levi subgroup is the same. This is because GL(1) = 50(2). 

In this paper, we will also consider G = 50(2re, ry), which is the outer form of the split SO{2n) with 
respect to a quadratic extension E/F and conjugation by Oq. Here rj is the associated quadratic character 
of E/F by the local class field theory. Then the standard Levi subgroups of SO{2n,rj) will be the outer 
form of those 0o-stable standard Levi subgroups of SO{2n). In particular, they can be identified with 
GL(ni) X • • • X GL{nr) x SO{n-,r]) with re_ ^ 0. 

Finally for any irreducible discrete series representation tt of a symplectic group or special orthogonal 
group G{F), our goal is to find unitary supercuspidal representations pi of GL{dp^, F) for 1 ^ ^ r 

together with real numbers xi, ■ ■ ■ ,Xr, and a supercuspidal representation a of G_(F) which is of the 
same type as G, such that 

vr or 7r^° Pi11^^ x ''' x x cr 


as a subrepresentation. 
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The approach that we are going to take will highly rely on Arthur’s endoscopic classification theory 
for symplectic and orthogonal groups |Artl3j . especially the structure of tempered Arthur packets (or L- 
packets). It is different from the original approaches of Moeglin and Tadic (see |Moeg02| , [MT02j ), where 
although possibly motivated by the structure of L-packets, they do not need to use it in their arguments. 
There are two reasons for us to adopt the new approach. One is there are certain reducibility assumptions 
(see Proposition 13.2p taken in the works of Moeglin and Tadic that could be removed under Arthur’s work 
(as suggested by them), so it would be very natural to start with Arthur’s theory at the first place. The 
other reason is the endoscopic theory is “hidden” in their works, but we want to see how it could play a 
role in this kind of classification theory, to be more precise, the interplay of endoscopy theory with the 
theory of Jacquet modules (see Section [3]). 

Acknowledgements: This work came out of the author’s talks in the automorphic forms seminar at 
Fields Institute in 2014. The author wants to thank the organizer Chung Pang Mok for initially asking 
him to give those talks, otherwise this paper would not appear. The author also wants to thank all the 
participants in the seminar for their interests and supports. While writing up the current version of this 
paper, the author has enjoyed the hospitality of Institute for Advanced Study (IAS). He also gratefully 
acknowledges the support from University of Calgary and the Pacific Institute for the Mathematical 
Sciences (PIMS), when this work took its final form. At last, he wants to thank the referee for many 
helpful comments and suggestions. During his time at IAS, he was supported by the NSF under Grant 
No. DMS-1128155 and DMS-1252158. 

2. Tempered Arthur packet 

Let T be a p-adic field and G be a quasisplit symplectic group or special orthogonal group. We 
define the local Langlands group as Lp = Wp x SL{2,C), where Wp is the usual Weil group. We write 
Fj? = Fp/^ for the absolute Galois group over F. Let G be the complex dual group of G, and ^G be the 

Langlands dual group of G. A tempered (or generic) Arthur parameter of G is a G-conjugacy class of 
admissible homomorphisms cj) : Lp — > ^G, such that <j>\wF is bounded. We denote by ^hdd{G) the set of 
tempered Arthur parameters. Here we can simplify the Langlands dual groups as in the following table: 


G 

^G 

Sp{2n) 

SO{2n + l,C) 

SO{2n + l) 

Sp{2n,C) 

SO{2n, rj) 

SO{2n,C) X Fp/p 


In the last case, 77 is a quadratic character associated with a quadratic extension E/F and Tpjp is the 
associated Galois group. If we define 0(2n, C) with respect to J 2 n, we can fix an isomorphism SO{2n, C) x 
'^E/F — 0(2n, C) by sending the nontrivial element oiTp/p to the permutation matrix (11.21) . So in either 
of these cases, there is a natural embedding of ^G into GL{N,C) up to GL(A, C)-conjugacy, where 
A = 2n + 1 if G = Sp{2n) or N = 2n otherwise. Under such an embedding, we can view the parameter 4> 
as an equivalence class of A-dimensional self-dual representations of Lp, i.e., (/>'^ = (p. Let tt^ be the self¬ 
dual representation of GL{N, F) associated with cp under the local Langlands correspondence (cf. [HTnij . 
|Hen00| . and |Schl3] i. If we decompose p into equivalence classes of irreducible subrepresentations, we 
get 

<? 

( 2 . 1 ) p = ^^lipi, 

i=\ 

where pi is an equivalence class of irreducible representations ol Lp and li is the multiplicity. Since Lp 
is a product of Wp and 5L(2,C), we can further decompose pi as an tensor product 

Pi — Pcusp,i ® , 
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where 4>cusp,i is an equivalence class of irreducible unitary representations of Wp and Uq. is the (oj — l)-th 
symmetric power representation of SL{2,C). Now we have obtained all the combinatorial data needed 
from (j) in the paper. To put it in a nice way, we first identify the set of equivalence classes of irreducible 
unitary supercuspidal representations of GL{d, F) with equivalence classes of d-dimensional irreducible 
unitary representations of Wp through the local Langlands correspondence for GL{d), and denote by pi 
the corresponding representation for 4’cusp,i- Also notice the representation is completely determined 
by its dimension. So altogether we can simply write 4>i = pi0 [oj] formally. After this discussion we can 
define the multi-set of Jordan blocks for (p as follows, 

Jord{4>) := {{pi,ai) with multiplicity k: 1 ^q}, 

and 

Jordp{4>) := {oj with multiplicity k : p = pi}. 

To parametrize the discrete series representations, we need to introduce a subset <^ 2 ( 6 ') of ^bdd{G). 
Define 

Q 

^2{G) := {(f) € ^bdd{G) : (f) = (f>i,4>i = <Pi}- 

i=l 

It is clear that the defining condition for $ 2 (G) is equivalent to requiring Jord{(f>) is multiplicity free and 
Jordp{(f)) is empty unless p is self-dual. Moreover, for certain parity reason (see Section [3]) the integers 
in Jordp{(f>) must be all odd or all even when (p € <I> 2 (G)- Besides, there is another description of ^> 2 ( 6 '). 
For p G ^bdd{G), we fix a representative p. Let us define 

Sfj) = Cent(Im(/), G), 

S^=S^/Z{Gf^, 

S^ = S^/S'l = S^/SlZ{GfG 

Then we have the following fact. 

Lemma 2.1. For p G ^bdd{G), p G < 1 * 2 ( 0 ) if and only if is finite. 

This lemma can be shown by computing the group Sfj, explicitly (see [Art 131 Section 1.4]). In particular, 
one can show 5^ is abelian. 

To state Arthur’s classification theory of tempered representations of quasisplit symplectic and orthog¬ 
onal groups, we need to introduce some more notations. We will fix an outer automorphism Oq of G 
preserving an F-splitting. If G is symplectic or special odd orthogonal, we let Oq = id. If G is special 
even orthogonal, we let 6q be induced from the conjugate action of the permutation matrix (jl.2l] . Let Oq 
be the dual automorphism of Oq. We write Sq =< 9o >, G^° = G x Sq, and G^° = Gx < 9 >. Let wq 
be the character of G^^/G, which is nontrivial when G is special even orthogonal. So in the special even 
orthogonal case, we can send 9o to the permutation matrix (II.2p to get an isomorphism between G^° and 
the full orthogonal group. If G has F-rank n, we write G = G(n). Let G(0) = G(0)^° = 1. Also for the 
trivial representation of G(0), we require formally ^ 1 if G(0) = 50(0), and = 1 otherwise. 

Let UtempiG) (resp. n 2 (G)) be the set of equivalence classes of irreducible tempered representations 
(resp. discrete series representations) of G(F). Note Sq acts on these sets by conjugation, and we denote 
the set of So-orbits in UtempiG) (resp. n 2 (G)) by ILtempiG) (resp. 112 (G)). Also note Sq acts on ^bdd{G) 
(resp. $ 2 ( 0 )) through 9o, and we denote the corresponding set of So-orbits by ^bdd{G) (resp. $ 2 (G'))- It 
is clear that for p G ^bdd{G), Jordfp) only depends on its image in ^bdd{G). It is because of this reason, 
we will also denote the elements in ^bdd{G) by p. Moreover, through the natural embedding we can 
view ^bdd{G) as a subset of equivalence classes of At-dimensional self-dual representations of Lp. 

Theorem 2.2 (Arthur |Artl3j . Theorem 1.5.1). (1) For p G ^bdd{G), one can associate a finite set 

ofILtemp{G), determined by through the theory of twisted endoscopy (see Section{^. And 
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for a fixed Whittaker datum, there is a canonical bijection between and characters S^f, of <5^. 


[it] I- ^ < ■,7r 

(2) There are decompositions 

^temp{G) = I_I n^, 

4'^^bdd{G) 

U2{G)= □ n^. 

0e4-2(G) 

We will denote the characters of 5,^ by e, and denote the corresponding So-orbit [vr] of irreducible 
representations by TT{(j),e). Let us define 11^° to be set of irreducible representations of G^°{F) whose 
restriction to G{F) belong to We call an irreducible representation of G^°{F) is a discrete series 
if its restriction to G{F) are discrete series representations. We also define S^°, S^° and S^° as before 

simply by taking G^° in place of G. The following theorem asserts 11^° can be parametrized by the 
characters of 5^°. It is a consequence of [Art 131 Theorem 2.2.4], 

Theorem 2.3 (Arthur). Suppose (j) G ^bdd{G), for a fixed T,Q-stable Whittaker datum there is a canonical 
bijection between n^° and characters of 





TT^O I-S- < -jTT^O >0, 

such that 

< >0 \s^ =< -,71 >^, 

where vr C Ic- 

We denote the characters of by e, and denote the corresponding representations by (</>,£). We 

also denote the image of e in 5^ by e. If Eq is the generator of the kernel of the projection 5^° —)• 
then this theorem implies 

(2.2) 7r^o^(/>,eeo) = 7r^°(</>,e) ® wq. 

Therefore, if G is special even orthogonal and S^, then e) is a representation of G{F) satisfying 

7r{4>,e)^° = TT{(j),s). The converse is also true, i.e., if G is special even orthogonal and S^° = 5^, then 
^ 7 ]- fQj. 7 r((^^£) = [tt]. In the rest of this paper, we will always fix a So-stable Whittaker datum of G. 

3. Parameters of supercuspidal representations 
We keep the notations from the previous section. 

Proposition 3.1. Suppose tt is a supercuspidal representation ofG{F), and [vr] G for some 4> G ^ 2 (G')- 
Then if (p, a) G Jord{(p), one must have (p, a — 2) G Jord^cfi) as long as a — 2 > 0. 
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Proof. Let p be a unitary irreducible supercuspidal representation of GL{dp, F). We can view GL{dp) x G 
as the Levi component M_|_ of a standard maximal parabolic subgroup of G+, where G and G+ are 
of the same type. Let ttm+ = p®tt, and w is the unique non-trivial element in the relative Weyl group 
VL(M+,G+), which acts on GL{dp) as an outer automorphism. Let vtm+.a = p\\^ (S' vr for A € C. It is a 
result of Arthur (see [Art 131 Section 2.3]) that for certain choice of representative w of w, the standard 
intertwining operator between Indp)])(7rjvf^^A) and Indp)) (ti; i.e., 

Jp+{w,TTM,\)h{g)= h{w~^ng)dn, h elndp+{TTM+,\), 

J Np^C\wNp^w~^\N 

and the standard intertwining operator ,w ttm+,x) between Indp)])(u; and Indp)]) (7rM+,A) 

can be normalized by meromorphic functions rp_^_{w, (fM+,\) and rp^{w~^,w 4 >m+,\) respectively, i.e., 

Rp+{'w,'Pm+,\) ■■= rp^{w,4>M+,\)~^Jp+{w,7rM+,\), 

Rp+ {w~^,w TTm+.a) ■■= rp^{w~^ ,W (l)M+,\)~^Jp+ {w~^,w TTm+.a), 

so that 


(3.1) 


Rp+{w ^ ,WTTM+,\)Rp+{w,'nM+,\) = Id. 


Here 4>m+,x denotes the Langlands parameter for ttm+,x, and 

L{X,p X7r^)L{2X,p,R) 

where R is either a symmetric square (S"^) or a skew-symmetric square (A^) representation of GL{dp,C) 
and means equal up to a nowhere vanishing holomorphic function of A (that is given by the e-factors 
here). Note i? = if G is Sp{2n), SO{2n, g) or R = S'^ d G = SO{2n + 1). Similarly we have 


rp^{w ^,w<t)M+,x) 
Then we can rewrite (|3.ip as 


L(-A,p^ X7r^)L(-2A,p^,fi) 

L(l-A,pV x7r^)L(l-2A,pV,i2)- 


(3.2) 

1 . ^ L{X,p X 7r^)L{2X,p,R)L{-X,p'^ X 7r^)L{-2X,p'^ ,R) 

Jp+{w ,W7rM+,x)dp+[w,TTM+,x) ^ , - 3 - . , - FFTF -i-iTTl- R \— 

L[l + X,pX'K^)L{l + 2X,p,R)L{l-X,p^XT7^)L[l-2X,p^,R) 

Since 111 ^ 1 + is supercuspidal, it follows from a theorem of Harish-Chandra f [Sil79l Theorem 5.4.2.1] and 
[ShaSll Lemma 2.2.5]) that both ,Jp^ {w, ttm+.x) and Jp^ {w u; i^m+^x) are holomorphic for Re A 0. So 
now we will assume A E M and A > 1/2. Since L{s,p x n^) does not have a pole (non-vanishing is clear) 
for real s > 0, and L{s,p,R) does not have a pole (non-vanishing is clear) for real s 0, we have 


(3-3) Jp+{w ^,WTTM+,x)Jp+{w,-KM+,x) ~ ^ 

Finally, we learn from the definition of L(s, p'^ xti^) that it has a pole at s = —(a—1)/2 if and only \i p = p'^ 
and (p, a) E Jord{(j)) (see Appendix lAl). So if we know (p, a) E Jord{4>) for a > 2, then L(—A, p^ x -k^) has 
a pole at A = (a —1)/2 > 1/2. By the holomorphy of standard intertwining operators on the left hand side 
of (13.3p . L(1 — A, p'^ X TT^) must also have a pole at A = (a — l)/2, i.e., 1 — A = 1 — (a — l)/2 = —(a — 3)/2 
is a pole of L(s, p'^ x -k^). So (p, o — 2) E Jord{(j)). 

□ 


If p is a self-dual unitary irreducible supercuspidal representation of GL{dp, F), we know from Appen¬ 
dix 1^ that 

L{s, px p) = L{s, p, A^)L(s, p, S^) 

has a pole at s = 0. We call p is of symplectic type if L(s, p, A^) has a pole at s = 0, and we call 
p is of orthogonal type if L(s,p, 5^) has a pole at s = 0. Moreover, for any positive integer a, the 
pair (p, a) is called having orthogonal type if p is of orthogonal type and a is odd, or p is of symplectic 
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type and a is even. Otherwise {p, a) is called having symplectic type. Next we are going to prove a very 
important reducibility result, which is named “Basic Assumption” in |Moeg02| , |MT02j . Those careful 
readers may notice there is a slight difference between our statement below and the original one. The 
reason is they consider the group rather than G, nonetheless one can translate between these two 
statements without difficulty (see Corollary 19.ip . 


Proposition 3.2. Suppose tt is a supercuspidal representation ofG{F), and [tt] G for some 4> S ^ 2 (G')- 
Then for any unitary irreducible supercuspidal representation p of GL{dp, F) and real number Op, the 
parabolic induction 

^||±(ap+l)/2 ^ ^ 

reduces if and only if p is self-dual and 


(3.4) 


ap= < 


max Jordp{(j)), 
0 , 

- 1 , 


if Jordp{4>) / 0, 

if Jordp{(j)) = 0, p is of opposite type to G, 
otherwise, provided dp is even or tt = 7 r^°. 


Proof. We will follow the proof of the previous proposition and let A G M. Suppose A > 0. Then the image 
of Jp+{w,7rM+,\) is nonzero and irreducible by [BWOOl Proposition 2.6]. It follows /j||^ x vr is irreducible if 
and only if the kernel of Jp^{w,7rM+,x) is trivial. Since Indp(((rc7r;v^^^>.) and Indp]^ (7rM+,A) have the same 
irreducible constituents (see [BZ77P Theorem 2.9]), the kernel of (rc, ttm+.a) is trivial if and only if 
Jp+{'dJ,'PM+,x) is an isomorphism. As we have seen previously, Jp_p{w,TTM+,x) and Jp^{w~^,w ttm+,x) are 
holomorphic. In fact, they are also nonzero (see |Wal03[ Section 4.1]). So Jp^ (w, 71^+,a) is an isomorphism 
if and only if 

Jp+(w~\w7rM+,x)Jp+(w,7rM+,x) + 0 . 

As a consequence, x tt is reducible if and only if 

Jp^{w~^ = 0. 


Let us first assume A > 1/2, then from (13.3p it is enough to see when 
(3.5) 


L(-A,p^ x TT^) ^ ^ 


L(1 - x,p'^ X TT^) 

i.e., L(1 — A, X vr,^) has a pole, but L(—A, p^ x -k^) does not. From our discussion in the previous proof 
we know this can only happen when p = p'^ and A = {op + l)/2, where Op is max Jordp{4>). Next we 
assume 0<A^l/2, it follows from (13.21) that 


Jp+{w ^ 


W'PM+,x)Jp+{w,T^M+,x) ~ 


L{-\,p^ X -K^) 

L(l-2A,pV,i2)' 


And the right hand side can be zero only when L(1 — 2A, p^, R) has a pole, but L(—A, p'^ x -k^) does not. 
So necessarily p = p'^ and A = 1/2. By our assumption on the representation R, we know L{s,p,R) has 
a pole at s = 0 if and only if p is of opposite type to G. And the requirement that L(s, p x tT(I,) does not 
have a pole at —1/2 implies Jordp{4>) = 0. 

For A < 0, one just needs to notice s.s.(p||^ x vr) = s.s.(p'^||“^ x tt)® for some 9 G Sq, so one can apply 
the same argument to p^H”"^ x vr. 

Finally, we consider A = 0, where our previous criterion does not work. However the reducibility of 
p X TT follows from the standard theory of representation theoretic i2-groups. In Arthur’s theory these 
groups have been shown to be isomorphic to i?-groups defined by parameters, which can be computed 
explicitly (see [Art 131 Section 2.4 and Section 6.6]). So our reducibility condition in this case will follow 
from there. 

□ 


Suppose vr is an irreducible supercuspidal representation of G{F) and [tt] G H^ for some f G $ 2 (G')- 
We know from Proposition 13.11 that Jord^f) should be in a certain shape, and in view of Theorem 12.21 we 
would also like to know what kind of character e of S^j, will parametrize [tt] . To give a description of such 
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characters, we have to first make an identification between with Z 2 -valued functions over Jord{(p). 
To be more precise, let us assume 

(3.6) ^ © ... © 

where cj). are self-dual irreducible representations of dimension Uj. By Schur’s Lemma, 

Cent((^, GL{N, C)) ^ C" x • • • x 

'-V-^ 

r 

where each acts on the corresponding representation space of (j).. So 

Cent(^, d)^{s = (s,) G = !}• 

i 

Note = S'^° in this case. Then = Z 2 / < (—I,-- - ,—1) > . Sine the right hand side does not 
depend on the choice of representative (/>, we can denote it by . If G is special even orthogonal, 

S^^{s = {si) G Z^ : = 1}/ < (-1, • • • , -1) > 


which is a subgroup of of index 1 or 2. Similarly, we denote the right hand side by 5^. 

Let us define the characters < (—I,-- - ,— 1 ) > to be Z2- valued functions e = (ej) G Z2 such 

that Y\i£i = 1. Moreover, for s G Zy < (—1, • • • , —1) >, we define e{s) = * s*); where 





if £i = Si = -1 
otherwise. 


So 

= {e = {£{) e Z2 : Yl^i = !}• 

i 

In particular, when G is special even orthogonal, we define eo = (eo,i) £ satisfying eo,i = 1 if n* is 
even, and eo,i = — 1 if n* is odd, then 


<Srfi — {s — (si) G Z 2 : £i — 1}/ < eo > . 

i 


In general, let eo = 1 if G is not special even orthogonal. 

Now we can formulate the theorem for parametrizing supercuspidal representations inside tempered 
Arthur packets. 

Theorem 3.3 (Moeglin |Moegll| , Theorem 1.5.1). The T,Q-orbits of irreducible supercuspidal represen¬ 
tations of G{F) can be parametrized by (j) € ^ 2 {G) and £ G S^j, satisfying the following properties: 

(1) if {p, a) G Jord{4>), then (p, a — 2) G Jord{(j)) as long as a — 2 > 0; 

(2) if {p, a), {p, o — 2) G Jord{4>), then e(p, a)£{p, a — 2) = —1; 

(3) if {p,2) G Jord{<f), then e(/9, 2) = —1. 

The proof that we are going to give makes use of the (twisted) endoscopic character identities and 
explicit computation of Jacquet modules. So we will first review these two subjects in the next two 
sections. 
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4. Endoscopy 

The endoscopy theory can be stated for any connected reductive groups, but here we will mainly 
consider the case when G is a quasisplit symplectic group or special orthogonal group. 

Suppose (p G ‘h 2 (G) and s € 5^ = In our case, there is a quasisplit reductive group H with the 
property that 

#^Cent(s,G)°, 

and the isomorphism extends to an embedding 

such that C Cent(s,^G) and (p factors through Hence we get a parameter (pH G ^hdd{H). In 

fact it is easy to show is also finite, so (pH G We say {H,(p^) corresponds to {(p,s) through 

and denote this relation by {H,(p^) —>■ {(p,s). Such H is called an elliptic endoscopic group of G. 

Example 4.1. (1) If G = Sp{2n), then ^G = SO{2n + 1,C). For (p G ^ 2 (G), let us write 

(p = (pi® ■ ■ ■ ® (pr 

as in ()2.1I1 . Then < “Ij ''' j “1 >i for any s = (sj) G it gives a partition on 

Jord{(p), i.e., 

(p = {®si=l(pi) ® {®sj=-l(pj)- 

Without loss of generality, let us assume 

Hi = 2ni + 1 = Nj and rij = 2njj = Njj. 

Si = l Sj = — 1 

Define 

VI = Vii= n 

Sj=-1 

where Vj is a quadratic character given by the central character of . Let 

G/ = Sp{2ni) and G// = SO{2nii,vii)- 

Then we have 

H = G[ X G// and = (G/ x Gjj) x T EuIF: 
where Ejj is a quadratic extension of F associated with r]jj. Let 

^i:^Gi^GL{Ni,C) 

be the natural embedding for i = I, II. Then 

i ■■= i^i ®Vi) ®^ii 

factors through ^G and defines an embedding ^ ^G. Let 

(pi ■= {®Si=l(pi) ® ??/ G ^2{Gi) 

and 

(pii '■= ®sj=-i(pj G ^2{Gn). 

Then 

(Ph = (pi X (pn- 

(2) If G = SO{2n + 1), then ^G = Sp{2n,C). For (p G $ 2 (G), let us write 

(p = (pi ® ■ ■ ■ ® (pr 

as in ()2.ip . Then < —1, • • • , —1 >, and for any s = (sj) G <S^, it gives a partition on 

Jord{(p), i.e.. 
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We can assume 

E 

Hi = 2ni = Nj and 


Si = l 

s^=-l 

Let 

Gi 

= SO{2ni + 1) and Gu ■ 

Then we have 


H = GiX Gii and 

Let 




Tij = ^njj = Njj. 


SO{2nii + l). 


= Gix Gii 


^i:^Gi^GL{Ni,C) 

be the natural embedding for i = I, II. Then 


factors through ^G and defines an embedding ^ ^G. Let 

</>/ := (©>ji=i</>0 € ^2{Gi) 

and 

4>ii ■= (Bsj=-i4>j £ ^2{Gn). 

Then 

(l)H = (j)i X (j)n. 

(3) If G = SO{2n,ri), then ^G = SO{2n,C) x T^ip. For cj) € $ 2 (G), let us write 

4> = 4>1 ® ® (l>r 

as in ()2.1I) . Then S^° = Zg/ < —1, ■ ■ ■ , —1 >, and for any s = (sj) € C S^°, it gives a partition 
on Jord{(p), i.e., 

(f) = i®si=i4>i) ffi i®sj=-i4>j)- 
By our description of 5,^, we can assume 

rii = 2nj = Nj and nj = 2njj = Njj. 

Si = l 5j=—1 

Define 

Vi = Viil and r]n = Y\. Vj, 

Sj=-1 

where rjj is a quadratic character given by the central character of tt^. . We also denote by Ei the 
quadratic extension of F associated with rji for i = I, II. Let 

Gi = SO{2ni,r]j) and Gn = SO{2nii,r]n), 

Then we have 

H = Gj X Gji and = (Gj x Gu) xTp^ip 
where L = EjEu. Let 

Ci-.^G,^GL{Ni,C) 

be the natural embedding for i = I, II. Then 


factors through ^G and dehnes an embedding ^ ^G. Let 

:= ©si = 10 i € ^2(^7) 


and 

Then 


(pii := ®sj=-i4’j € ^2{Gn) 


4>h = 4>i ^ ^ii- 
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In the examples above, we can define ^ 2 {H) = $ 2 (G/) x ^ 2 {Gii) (resp. ^Md{H) = ^bdd{Gi) x 
^bdd{Gii))-, then </>// G ^ 2 {H). For s G S^, we still say corresponds to {4>,s), and denote this 

relation again by {H,(I)h) 

In part (3), it is possible to also choose s G S^° but not in and then we get a partition on Jord{(f)), 
i.e., 

4> = {®si=l4>i) ® 

so that 

rii = 2ni + 1 and rij = 2n// + 1. 

Si = l Sj=—1 

Define 

Vi = ViiV and rju = r]j, 

Sj = -1 

where r]j is a quadratic character given by the central character of . Let 


Then 

and 

We can take 


Gi = Sp{2nj) and Gjj = Sp{2nii) 

(l^i ■= {®si=i4>i) ® ??/ e ^2{Gi) 
4>ii '■= i®sj=-i4>j) ® in € ^2{Gii). 
H = G/ X G// and ^ H = G/ x Gjj. 


In this case, H is called a twisted elliptic endoscopic group of G. Let 

^i:^Gi^GL{Ni,C) 


be the natural embedding for i = I, II. Then 

? := i^i ® 1i) ® i^ii ® III) 

factors through ^G and defines an embedding ^ ^G. Let 


(j)H = (j)i X 

We say {H, (j)H) corresponds to ((/>, s) through and write {H, 4>h) —>■ (</>, s). 

In this paper, we also want to consider the twisted elliptic endoscopic groups of GL{N), but we will 
only need the simplest case here. Recall for cj) G we can view (j) as a self-dual Wdimensional 

representation through the natural embedding 

iN-^G^ GL{N,C), 

and in this way we get a self-dual parameter for GL{N). We fix an outer automorphism 07 v of GL{N) 
preserving an F-splitting, and let On be the dual automorphism on GL{N,C), then 

^iv(^G) C Cent(s,GL(iV,C)) and G = Cent(s, GL(W, C))° 

for some s G GL{N,C) x On- So we call G a twisted elliptic endoscopic group of GL{N). 

What lies in the heart of the endoscopy theory is a transfer map on the spaces of smooth compactly 
supported functions from G to its (twisted) elliptic endoscopic group H (similarly from GL{N) to its 
twisted elliptic endoscopic group G). The existence of the transfer map is quite deep, and it was conjec¬ 
tured by Langlands, Shelstad and Kottwitz. In a series of papers Waldspurger [Wal95] [Wal97] [Wair)6| 
[Wains] is able to reduce it to the Fundamental Lemma for Lie algebras over function fields. Finally 
it is in this particular form of the fundamental lemma, Ngo |Ng610| gave his celebrated proof. Let us 
denote such transfers by 
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(4.1) 


C^{G{F)) - >C^{H{F)) 


and similarly 
(4.2) 


/- 

C^iGL{N, F)) -. G^{G{F)) 


f 




G 


We should point out these transfer maps are only well defined after we pass to the space of (twisted) 
orbital integrals on the source and the space of stable orbital integrals on the target. Note the 
space of (twisted) (resp. stable) orbital integrals are dual to the space of (twisted) (resp. stable) invariant 
distributions on G{F), i.e. one can view the (twisted) (resp. stable) invariant distributions of G{F) as 
linear functionals of the space of (twisted) (resp. stable) orbital integrals. So dual to these transfer maps, 
the stable invariant distributions on H{F) (resp. G{F)) will map to the (twisted) invariant distributions 
on G{F) (resp. GL(N, F)). We call this map the (twisted) spectral endoscopic transfer. 

If vr is an irreducible smooth representation of G{F), then it defines an invariant distribution on G{F) 
by the trace of 

7r(/) = / f{g)'n-{g)dg 
Jg{f) 

for / € G'^{G{F)). We call this the character of tt and denote it by /g(t). For any irreducible representa¬ 
tion 7r^° of G^°{F), which contains tt in its restriction to G{F), we define a twisted invariant distribution 
on G{F) by the trace of 

7r^°(/)=/ f{g)'^^°{g)dg 

JG(F)»eo 

for / € G^{G{F) X 9o). We call this the twisted character of tt, and denote it by /g(t^°). We can also 
define the twisted characters for GL{N) similarly, but we will write it in a slightly different way. Let vr be 
a self-dual irreducible smooth representation of GL{N, F), we can define a twisted invariant distribution 
on GL(N, F) by taking the trace of 

7r(/) o A^{e]s[) 

for / € G^{GL{N, F)), where d.^(0Ar) is an intertwining operator between vr and tt®^. We call this the 
twisted character of vr and denote it by /^e(7r). 

Since the (twisted) elliptic endoscopic groups H in our case are all products of quasisplit symplectic 
and special orthogonal groups, we can define a group of automorphisms of H by taking the product of 
So on each factor, and we denote this group again by Sq. Let 'H{G) (resp. %{!{)) be the subspace of 
Sg-invariant functions in G^{G{F)) (resp. G’^{H[F))). Then it follows from a simple property of the 
transfer map (which we will not explain here) that we can restrict both (j4.1l) and (j4.2p to FL^G) and 
T-L{H). Now we are ready to state a more precise version of Theorem 12.21 


Theorem 4.2 (Arthur). (1) Suppose (j) G <I> 2 (G), the sum of eharacters in 

/('^) = 

defines a stable invariant distribution for f G FLiG). Moreover it is uniquely determined by tt^ 
through 

/""(</>) = f€G^iGL{N)) 

after we normalize the Haar measures on G{F) and GL{N, F) in a compatible way. 


(4.3) 
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( 2 ) Suppose 4> G ^ 2 {G), and —>■ (0, s) for s G 5,^. If we define a stable invariant distribution 

f{4>H) for ItiH) as in (1), then after we normalize the Haar measures on G{F) and H{F) in a 
compatible way the following identity holds 


(4.4) 


where 


f^{(t>H)= <S,7r>fGiTT) 


< -,71 >:=< -,71 

under the isomorphism = 50 . 


/ € n{G) 


Remark 4.3. Although we only state the theorem for discrete parameters, these statements are also true for 
tempered parameters (once we extend the definition i4>is) appropriately). The two identities 

(j4.3p and (14.40 are the ones we call (twisted) endoscopic character identities in the end of Section [3l and 
they are also often referred to as (twisted) character relations. There are some ambiguities that we need to 
clarify in such identities. On one hand, in the definition of f]\je{Ti(j,) we need to choose a normalization of 
the intertwining operator In this theorem, we require to fix some Whittaker functional 

for 710. On the other hand, in the definition of the transfer maps there is also a normalization issue. To 
resolve that, we need to fix certain (resp. 0Ar-stable) Whittaker datum for G (resp. GL(N)), and we will 
take the so-called Whittaker normalization on the transfer maps. Finally, the stable invariant distribution 
f{4>) for / G 'H(G) is uniquely determined by 710 for the transfer map (14.2p is surjective onto the space of 
Sg-invariant stable orbital integrals of G{F). 


When G is special even orthogonal, we have an additional character identity. To state it, we need to 
identify G'f°{G{F) xi 9q) with Gf°{G{F)) by sending 5 xi 0o to g, so the twisted transfer map on Gf°{G{F)) 
can also be translated to G^{G{F) x Oq). 

Theorem 4.4 (Arthur). Suppose (f> G ^ 2 {G), and {H, (fu) — t (</>) s) for s G but not in S^. Then after 
we normalize the Haar measures on G{F) and H{F) in a compatible way the following identity holds 


(4.5) f^{f^H)= Y. <s,7r^« >/G(7r^«), / G Cr(G(F) x 0o) 

Men,,! 

where and 

< -, 71 ^° >:=< -, 71 ^° >0 

under the isomorphism . 

Again this theorem also holds for cf G $(G) (once we extend the dehnition (H, (fn) {(f, s) appropri¬ 
ately), and we have taken the Whittaker normalization on the transfer maps with respect to the fixed 
Sg-stable Whittaker datum in Theorem 12.31 We will only need this theorem in Section [9j 

5. Jacquet modules 

First let us assume G is any connected reductive group over F, and let Rep(G) be the category of 
finite-length smooth representations of G. If M is the Levi component of a parabolic subgroup P of 
G, then the normalized parabolic induction defines a functor from Rep(M) to Rep(G). The normalized 
Jacquet module is its left adjoint functor, i.e., 

(5.1) HomM(Jacp 7 r, cj) = HomG( 7 r, Indpcr), 

for TT G Rep(G) and a G Rep(M). This relation (15. Ih is usually referred to as Probenius reciprocity. 
One can see easily from (15. Ih and Theorem 11.11 that tt G Rep(G) is supercuspidal if and only if Jacpvr = 0 
for all standard parabolic subgroups P of G. In fact this is one of the equivalent definitions of supercuspidal 
representations. The next two lemmas state some general facts about Jacquet modules, and we refer the 
interested readers to |MTn2( Section 3] for their proofs. 
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Lemma 5.1. Suppose tt € Rep{G) is irreducible, and a is an irreducible supercuspidal constituent of 
JacpTT, then there is an inclusion 

TT Indp a. 

Lemma 5.2. Suppose vr G Rep{G) is irreducible, and M = Mi x M 2 . Let ti € Rep{Mi) be irreducible 
and T 2 G Rep{M 2 ). If 

TT ^ Indp{Ti (g) r 2 ), 

then there exists an irreducible constituent T 2 in T 2 such that 

TT “-A Indp{Ti (g r2). 

Now let us restrict to the case when G is a quasisplit symplectic or special orthogonal group. We 
would like to define a modified Jacquet functor. For this we first fix a unitary irreducible supercuspidal 
representation p of GL{dp,F), and we assume M = GL{dp) x G_ is the Levi component of a standard 
maximal parabolic subgroup P of G. In case G_ = 1 and G is special even orthogonal, we require P to 
be contained in the standard parabolic subgroup of GL{2n). Then for vr G Rep(G), 

s.s.Jacp(7r) = ^ Ti g) (Tj, 
i 

where Ti G Kep{GL{dp)) and ai G Rep(G_), both of which are irreducible. We define Jac^vr for any real 
number x to be 

Jac3;(7r) = ^ (Tj. 

Note unlike Jacpvr, in our definition Jaca^vr is always semisimple. If we have an ordered sequence of real 
numbers {xi, ■ ■ ■ , x^}, we can define 

JaCa,^,--- — JnCajg O • • • O JaCaj^T. 

It is not hard to see Jaca; can be defined for GL(n) in a similar way by replacing G_ by GL{n-). 
Furthermore, we can define Jac°^ analogous to JaCa; but with respect to p'^ and the standard Levi subgroup 
GL{n-) X GL{dpy). So let us define Jac® = JaCa; o Jac^^a; GL{n). Next we want to give some properties 
of this modified Jacquet functor. 

Lemma 5.3. //tt G Rep{G) is irreducible, and JaCx^-,yTr = a for a G Rep{G-). Then there exists an 
irreducible constituent a' in a so that we get an inclusion 

TT ^ p\\^ X ■ ■ ■ X p\\^ X a'. 

Proof. By Theorem 11.11 there exists a standard parabolic subgroup P- of G_ with an irreducible su¬ 
percuspidal representation ttm- on the Levi component M_ such that there is a nontrivial equivariant 
homomorphism from a to Indp“7rM_- Then by Frobenius reciprocity, ttm- is in s.s.Jacp_cj. In particu¬ 
lar, we can take M = GL(dp) x ■ ■ ■ x GL{dp) x M_ with P being the corresponding standard parabolic 
subgroup of G, and take ttm = /o| <g • • • <g /o| <g ttm^ to be an irreducible supercuspidal representation 
of M. Then ttm is in s.s.Jacpvr. By Lemma l5.11 we know 

TT ^ p\\^ X ■ ■ ■ X p\\^ X Indp”(7rM_)- 

So by Lemma 15.21 there exists an irreducible constituent a' in Indjy^“ (tm_ ) such that 

TT ^ p\\^ X ■ ■ ■ X p\\y X a'. 

Finally by Frobenius reciprocity again, we know a' is in Jac^;,... = a. This finishes the proof. 

□ 

As a special case of this lemma, we have the following corollary. 

Corollary 5.4. //vr G Rep{G) is irreducible, and JaCx^—^yTT = u for a G Rep{G-), which is also irre¬ 
ducible. Then there is an inclusion 


TT ^ p\\^ X ■ ■ ■ X pW^ X a. 
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Remark 5.5. Lemma 15.31 and Corollary 15.41 are also valid in the case of general linear groups, and the 
proofs are the same. 


Lemma 5.6. // tt G Rep{G) and \x — y\ ^ 1, then JaCx^yTT = JaCy^xT^. 


Proof. We take the standard parabolic subgroup P = MN of G with M = GL{2dp) x G-. If 

s.s.JacpTT = Tj (8) ai, 
i 

then fjj is in JaCx^yTf if and only if JaCx^yTi ^ 0. Let us assume i&Cx^yTi ^ 0, by Corollary 15.41 (also see 
Remark 15. 5 p we have Tj p\\^ x p\\y. Since \x — y\ ^ 1, p\\^ x p\\y = p\\y x p\\^ is irreducible (see 

Appendix iBl) . so we must have ti = p\\^ x p\\y. Hence 


By the same argument, we have 


Jacj,,y7r = ^ {^a.Cx,yTi) ® Uj. 




^ {daCy^xTi) ® (Ti. 
u=pibxp||- 


Therefore, Jaca;,p 7 r = daCy^xT^. 

□ 


Lemma 5.7. Suppose vr € Rep{GL{dp{\a — b\ + 1))) is an irreducible constituent of 

pir x-.-xpir 

for a segment {«,••■ ,6}, and JaCxTT = 0 unless x = a, then n =< a, • • ■ ,b > . 

Proof. It is clear that Jac^j-Tr = 0 unless x G {a, ■ • • , 6}. Suppose {a, • • ■ ,y} C {a, ■ ■ ■ ,6} is the longest 
segments such that 

liy b, then we can find z G {a, • • • , 6}\{a} such that \x—z\ > 1 for all x G {a, ■ ■ ■ , y} and Jaca,... ,y,27r ^ 0. 
By Lemma 15.61 

Jac2;^a^---— i\aC(iy. ^y^z'^ 7^ 0* 

This means Jac^vr 7 ^ 0, and we get a contradiction. So we can only have y = b, and by Corollary 15.41 we 
have 

vr^pir x-.-xpll^ 


Hence tt =< a, ■ ■ ■ ,b >. 


□ 


There are some explicit formulas for computing the Jacquet modules in the case of classical groups 

and general linear groups (see |MT02l Section 1]), and we want to recall some of them here. We will use 

“ ” for equality after semisimplification. 

For GL{n), we know the irreducible discrete series representations are given by 

„ , , . ,0 — 1 0 — 1 
St{p ,a)=< p] , • • • ,- — > . 

More generally we have irreducible representations < p'; (a, ■ ■ ■ ,Cb> attached to any decreasing segment 
{o, • • • ,5} (cf. Section [T]) for C, = ±1. If we fix p as before, then we have the following formulas for their 
Jacquet modules. 


(5.2) 

Jb^Cx p 1 

• ,c&>= j 

\ < p';C{a - 

I),--- ,Cb>, 

if X = Ca and p' = p, 

[ 0 , 


otherwise; 

and 






(5.3) 

Jac^^ < /9';Ca,** 

•,c&>=| 

f < p'-,Ca, ■ ■ 
[ 0 , 

■ , C(& + 1 ) >, 

if X = and p' = p'^ 
otherwise. 
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If TTj € Rep(GL(nj)) for i = 1 or 2, we have 

JaCa;(7ri X 712 ) (JaCajVTi) X 712 © TTi X (JaCa;7r2), 

and 

Jac°^(7ri X 712 ) *=' (Jac^^TTi) x 712 © tti x (Jac°^7r2). 

Suppose TT G Rep(G) and r € Rep(GL((i)). If G is symplectic or special odd orthogonal, then 


Jaca;(r X tt) (Jac 3 ;r) x tt © {3ac°J^^T) x tt © r x JaCa^Tr. 

If G = SO{2n,r]), the situation is more complicated, and we would like to divide it into three cases. 
(1) When n / dp or 0, 


JaC2;(T X tt) T X JaCajTT I 


(Jaca:r) X TT © (Jac3j,r) x tt if dp is even 

(Jaca:r) X TT © X 7r^° if dp is odd 


(2) When n = dp. 


(JaCa;T) X TT © (JacL^r) X tt' 


r^o 


if dp is odd 


T / ^ T / T 6in\en ^ I (JaCa;T) X TT © (Jac°^a^r) X TT if dp is even 

JaCa,(T X tt) = r X JaCa^Tr © (r x JaCajTr'^'’) ° © W., ^ op 

(3) When n = 0 and d 7 ^ dp, 

Jaca;(r X 1) *= 

(4) When n = 0 and d = dp, 


if dp is even 


(JaCa;T) X 1 © {iacj^^r) x I 
(JaCa;T) X 1 © (Jac^^^T X 1)^0 if dp is odd 


T , N s s I (JaCa;T) X I © (JacT-''") 1 if <^0 is even 

Jaca;(r X 1) = < ' ' ^ 

I (JaCa;T) X I 


if dp is odd 


The formulas for special even orthogonal groups here are deduced from |Jan06l Theorem 3.4]. At last we 
define 

Jaca; + Jaca; o 6 * 0 , if G = SO{2n) and n = dp ^ 1, 

JaCr, otherwise. 


J ac^. — 


Let Rep(G) be the category of finite-length representations of G(F) viewed as 'R(G)-modules. We 
denote the elements in Rep(G) by [tt] for tt € Rep(G), and we call [tt] is irreducible if tt is irreducible. For 
[tt] G Rep(G), let us define 

T X [tt] := [r X tt] and JaCa;[7r] := [JaCa;7r]. 

Then we can combine all cases into the following single formula 

(5.4) Jaca;(r x [tt]) *=' (JaCa;r) x [tt] © (Jac^^^r) x [tt] © r x Jaca:[ 7 r]. 

Finally, we would like to extend the discussion of this section to the category Rep(G^°) of finite-length 
representations of G^°{F). Let P = MN be a standard parabolic subgroup of G. If M is do-stable, we 
write := M x Sq and := P x Sq. Otherwise, we let = M and = P. Note when 

G^° is even orthogonal group, one can define the normalized parabolic induction and normalized Jacquet 
module in a similar way (see |Ban99l Section 6 ]). Suppose G Rep(M^'’), 7 r^° G Rep(G^°). It follows 
from the definition that 

(JacpEo7r^'’)|M = Jacp(7r^°|G). 

And 

(IndpE°cr^°)|G = Indp(cr^“|M), 

unless G is special even orthogonal and = M, in which case 

(Ind^soO'^°)|G = Ind^(c7^°|M) © (Ind^(cr^° 
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Let us define 

And 

Then we have 


Jacp 


j Jacp + Jacp o 00, if G = SO{2n) and ^ M, 
[Jacp, otherwise. 

Indp [cr] := [IndpCi] and Jacp[7r] := [Jacpvr]. 

(JacpEo IndpEoCr^°)|M = Jacp Indp((T^° |m), 


and 

[(Ind^so JacpEo7r^°)|G] = Ind^ Jacp[7r^° |g]. 

The Frobenius reciprocity still holds in this case, i.e., 

Homjy^Eo (JaCpEo 7 r^°, = Hom^so (71^“, IndpE° ). 

Moreover, the results of this section can be stated similarly for representations of G^°{F). In particular, 
for r € Rep(GL(d)), we have 

(5.5) Jaca;(r xi 7r^“) (Jac 3 ;r) xi © (Jac^^^r) x 7r^° ©r x Jac^vr^^. 


6. Compatibility of Jacquet modules with endoscopic transfer 

As normalized parabolic induction is compatible with endoscopic transfer, the normalized Jacquet 
module is also compatible with endoscopic transfer. Since the Jacquet module is originally defined on 
representations, we need to first extend it to the space of finite linear combinations of (twisted) characters, 
and then to the space of (twisted) invariant distributions (see (IC.ID L In particular, this extended Jacquet 
functor will preserve stability (see (jC.jp L If G is any quasisplit connected reductive group over F and 9 is 
an T-automorphism of G preserving an T-splitting, we will denote the space of finite linear combinations 
of twisted characters of G{F) by R{G^) and denote the space of stable finite linear combinations of 
characters on G{F) by i2(G)®*. Moreover, let I{G^)) be the space of twisted invariant distributions on 
G{F) and SI{G) be the space of stable invariant distributions on G{F). When G = GL(N), we will 
simply write R{N^) and I(N^) for the corresponding spaces. In the following discussion we will assume 
G is a quasisplit symplectic or special orthogonal group. 

Suppose H is an elliptic endoscopic group of G, we know from Section [J] that H = Gj x Gji, and there 
is an embedding 

^ ^G, 

where = H x for L = F,Ejj or EjEjj accordingly. We fix T-splittings (0/^, Th, {Aq,^}) and 

{Bg, Tg, {^ac}) ^ G respectively. By taking certain G-conjugate of we can assume ^{Th) = Tg 

and ^{Bh) F Bg- So we can view the Weyl group Wh = W{H,Th) as a subgroup of Wg = W{G,Tg)- 
We also view as a subgroup of ^G through 

We fix a standard parabolic subgroup P = MN of G with standard embedding ^ ^G. Then there 
exists a torus S CTg such that = Cent(5, ^G). Let Wm = W{M ,Tg)- We define 

Wg{H, M) := {w € WgI Cent(w(S),^ff) —)• surjective }. 

For any w G Wg(E, M), let us take g G G such that Int(( 7 ) induces w. Since Cent{w{S),^H) — >■ T^/p is 
surjective, g^Pg~^ n defines a parabolic subgroup of ^P[ with Levi component g^Mg~^ D So we 

can choose a standard parabolic subgroup P!^ = of H with standard embedding ^P^^ ^ such 

that ^P^j (resp. is iJ-conjugate to g^Pg~^r]^H (resp. g^Mg~^ri^F[). In fact, M'^ is an endoscopic 
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group of M (not necessarily elliptic, see |KS99| i. and we have an embedding '■ given by 

the following diagram: 

r . r . 5m'.. 


where h ^ H induces an element in Wh- Note the choice of h is unique up to M(„-conjugation, and so is 
If we change g to h'gm, where h' ^ H induces an element in Wh and m £ M induces an element 
in Wm, then we still get but changes to Int(m“^) o up to M(j,-conjugation. Therefore, for 
any element w in 

Wh\Wg{H,M)/Wm, 

we can associate a standard parabolic subgroup of H and a M-conjugacy class of embedding 

. Moreover, we have the following commutative diagram; 


P' f- 

' w 












( 6 . 1 ) 


SI{H) 


y «J 3.C r 


©^5/(m; 


Jacp 


where the sum is over Wh\Wg{H, M)IWm-, and the horizontal maps correspond to the spectral endoscopic 
transfers with respect to ^ on the top and on the bottom. 

Suppose M = GL{m) x G_, then the Levi subgroups M'^ of H appearing in (j6.ip are of the form 
Mi X Mil, where Mi = GL{mi) x G/_ is a Levi subgroup of Gi and Mu = GL{mii) x Gn- is a 
Levi subgroup of Gn with m = mi + mu. The spectral endoscopic transfer maps SI{Gi- x G//_) to 
I{G-), and it also maps SI{GL{mi) x GL{mii)) to I{GL{m)), which is given by parabolic induction. 
Now we fix a unitary irreducible supercuspidal representation p of GL{dp,F), and let m = dp. We would 
like to restrict ()6.1I1 to invariant distributions of M{F) such that on GL{dp,F) they are given by the 
character of p\\^, then the relevant Levi subgroups of H will satisfy mi = 0 or mu = 0. Since there is 
no canonical projection from I{M) to such distributions, we will have to restrict (j6.ip to spaces of finite 
linear combinations of characters first. 

Let us write 

= GL{dp) X Hi_ := GL{dp) x Gi- x Gn 

and 

Mi^^ = GL{dp) X Hn- := GL{dp) x Gi x Gn- 

We also keep the notations in Example 14.11 in particular when G is symplectic, Gi is symplectic and Gn 
is special even orthogonal. Let Oi = 8 q with respect to Gi for i = I, H. Then we have the following cases. 

(1) If G is symplectic, then M!^^, M^^^ and are the relevant standard Levi subgroups of H. 

Note if and only if Gn- ^ 1- We get a modified diagram of (16.ip as follows. 


( 6 . 2 ) 


R{H) 


st 


^R{G) 


Jac^©JaCa; 


J £iCx 


R{Hi_r (BR{Hn-) 


st 




where Jac^ is with respect to p®pi. 
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(2) If G is special odd orthogonal, then are the only relevant standard Levi subgroups of 

and we get a modihed diagram of (|6.1I) as follows. 


(6.3) 


R{H) 


st 


JaCa;0JaCa; 




\St 


-^R{G) 

J aCa; 

^R{G.) 


(3) If G is special even orthogonal, then M(„^, ^wu s-iicl are the relevant standard 

Levi subgroups of H. Note M'^. = if and only if / 1 for i = /, II. We get a modified 

diagram of (jb.ip as follows. 


(6.4) 


R{H) 


st 


^R{G) 


JaCa:©JaCa; 


JaCa; 


R{Hi_y^ (BR{Hii_ 


\St 


-^R{G-) 


Next we view G as a twisted elliptic endoscopic group of GL{N), and there is an embedding 

■ ^G^GL{N,C) 

where ^G = G x for L = F or E accordingly. We also hx a 0Ar-stable L-splitting {Bn, Tn, {d^njvl) of 

GL{N,C). By taking certain GL(iV, C)-conjugate of ^n, we can assume ^n{Tg) = {Tn^)^,^n{Bg) F Bn- 

So we can view the Weyl group Wg = VL(G, 7g) as a subgroup of Wno := W{GL{N,C),Tn)^^■ We also 
view ^G as a subgroup of GL{N,C) through ^n- 

We fix a standard 0Ar-stable parabolic subgroup P = MN of GL{N) with standard embedding ^ 
GL{N,C). Then there exists a torus S C {T^^Y such that = Cent(S', GL(N',C)). Let Wj^e = 
W{M,TNf^. We define 

WNe{G, M) := {w G | Cent(r(;(5), ^G) —)> r^/p surjective }. 

For any re € Wns {G,M), let us take qn G GL(A^, C) such that Int( 5 Ar) induces u). Since Cent(r(;(S'), ^G) —>■ 
is surjective, gN^PgN^(~^^G defines a parabolic subgroup of ^G with Levi component gN^MgY^fl^G. 
So we can choose a standard parabolic subgroup P^^ = of H with standard embedding ^G 

such that (resp. ^M[Y) is G-conjugate to gN^PgJ^ n ^G (resp. gN^MgJ^^ n ^G). As before, 
can be viewed as a twisted endoscopic groups of M (not necessarily elliptic, see [KS99] ). and we have an 
embedding —)• given by the following diagram: 


Lp/ - Lj^i — L]^ - ^Lp 

^G ^G GL{N, C) GL{N, C) 

where g €z G induces an element in Wg- Note the choice of g is unique up to M(y-conjugation, and so is 
Cm:^- If we change gN to g'gNm, where g' & G induces an element in Wg and m £ M induces an element 
in Wj^e, then we still get but changes to Int(m“^) o up to M(j,-conjugation. Therefore, for 
any element w in 


WG\Wj^e{G,M)/WMe 
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we can associate a standard parabolic subgroup of ^ and a M-conjugacy class of embedding 

. Moreover, we have the following commutative diagram; 


(6.5) 


SI{G) - >T{N<^) 


J&C p/ 


Jacp 


where the sum is over WG\Wf^e{G, M)/Wj^e, and the horizontal maps correspond to the twisted spectral 
endoscopic transfers with respect to ^ on the top and on the bottom. 

We again fix a unitary irreducible supercuspidal representation p of GL(dp, F), and suppose 

M = GL{dp) X GL{N_) X GL{dpv). 

Then the standard Levi subgroups of G appearing in (|6.5p are 

Mi = GL{dp) X G_ 

and . Note Mi = {Mi)^° unless G is special even orthogonal and N_ = 0. For the purpose of 

restricting (16.5p to the twisted invariant distributions of M{F) such that on GL{dp, F) x GL{dpV , F) they 
are given by the twisted character of p||* (8> we will have to first restrict the diagram to spaces of 

finite linear combinations of (twisted) characters. Then we can get a modified diagram as follows 


( 6 . 6 ) 


R{Gy^ -> R{N^) 


JslCx 

RiG-Y^ 


Jac® 

R{Ni). 


At last, when G is special even orthogonal, there is a twisted version of the diagram (16.4p . which can 
be derived as in the case of GL{N) (also see Appendix O for the general case). Here we will only state 
the result using the notations from Section [4] and (16.41) . We assume G- Y 1. 


(6.7) 


R{H) 


st 


R{G^Y 


Jac(.©Jac(.^ 


JSLCx 


R{Hi_Y^ (B R{Hii_) 


st 


R{G^Y), 


where Jac^ is with respect to p^rji for i = I, IF 

Both diagrams (16.11) and (|6.5I) can be established by using Casselman’s formula [Cas77j and its twisted 
version for relating the (twisted) characters of representations with that of their unnormalized Jacquet 
modules (see |MWf)6| and [HirOdj ). For the convenience of the reader, we will give the proof of the general 
case in Appendix ICl In the next section, we are going to prove Theorem l3.3l bv applying (j6.6p (resp. (16.2p . 
(j6.3|) and (16.4p ) to the (twisted) endosopic character identity (14.31) (resp. (I4.4p ). We will only need (16.7|) 
in Section [H 


7. Proof of Theorem 13.31 

In the following sections we will always assume G is a quasisplit symplectic group or special orthogonal 
group. Before we start the proof, we would like to make explicit the effects of Jacquet modules on the 
(twisted) endoscopic character identities (j4.3l) and (14.41) . So let us fix a self-dual irreducible unitary 
supercuspidal representation p of GL{dp,F) and a real number x. Let cj) E $ 2 (G) and we define cj)- E 
^bdd{G-) by its Jord{(j)-) as follows. 

Jord{(p-) = Jord{(j)) U {{p, 2x — I)}\{(p, 2x -|- I)}, 

if (p, 2x-|-I) E Jord{i>) and x > 0, or 0 otherwise. We also set '7r0_ = 0 if Jord{(f)-) = 0. Note (j)- depends 
on both p and x. The following lemma is clear by our explicit formulas (j5.2|) and (j5.3|) . 
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Lemma 7.1. = Jac^n^. 

So after applying (j 6 . 6 p to the twisted endoscopic identity ()4.3I) . we have 

(7.1) ^ Jaca;7r) =(7r^_) 

Weft^ 

for / € C^{GL{N-),F). Since Theorem 14.21 is also valid for all tempered parameters (see Remark 14.3p . 
the left hand side of dni) has to be /^“ ((/)_). Then we have the following result. 

Lemma 7.2. 

(7.2) n<^_ = JaCxtlci,- 
In particular, 

(7.3) = 0 i/ {p, 2x + 1) ^ Jord{4>). 

Proof. Since the transfer map ()4.2p is surjective onto the space of So-invariant stable orbital integrals of 
G{F), we have 

/w-) = /( E E /G(Jac, 7 r) 

Meft^ Weft^ 

for / G 'H{G). Then the lemma follows from the linear independence of characters of irreducible smooth 
representations of G{F). □ 

Suppose Jord{(j)-) ^ 0, then x > 0 and there are two possibilites, i.e., cf- G ^ 2 {G-), or 

(/>_ = 2(/)i © (/>2 0 • • • © <?ir € ^bdd{G-) 

as in (El]), where (pi = p® [2x — 1]. In the first case we have {p, 2x — 1) ^ Jord{(p). If x 7 ^ 1/2, then there 
is a canonical isomorphism = Stj,_ after identifying Jord{(p) with Jord{(p-) by sending (/?, 2x + 1) to 
(p, 2x — 1). If X = 1/2, we have a projection from to S^_ by restricting Z 2 -valued functions on Jord{(f>) 
to Jord{(j)-). Hence we get an exact sequence 

(7.4) 1-^ < s >-!■ 50-)■ 50_-)■ 1 , 

where s(-) = 1 over Jord{(j)) except for s{p, ll2) = —1. 

In the second case, let : Li? —>■ ^G- be a representative of (/>_. We can also identify 50 and its 

characters 50 with certain quotient spaces of Z 2 -valued functions on Jord{(p-) (forgetting multiplicities), 
as in the case of discrete parameters. Note 

Cent((/._,GL(A^_,C)) ^ GL(2,C) x C x • • • x C, 

“ '-V-' 

r 

and then 

Cent(^_,G_) ^{s = (sO G 0(2, C) x Z^”^ : det(si)"i ' 

We write z for the nontrivial central element of 0(2, C). Then 5^'° = 0(2, C) x Z^”^/ < z, —1, • ■ ■ , —1 >, 
and hence = Z 2 / < 1, —1, • • • , —1 >. If O is special even orthogonal, 

50_ ^ {s = {si) G Z^ : = 1}/ < 1, -1, • • • , -1 > 

i 

which is a subgroup of of index 1 or 2. Let us denote by S^_ (resp. 5^°) the corresponding quotient 
space of Z 2 -valued functions on Jord{(p-) (forgetting multiplicities) such that 50 _ = 50 (resp. 5^/ = 
51^°) under these isomorphisms. There is a projection from 50 — 50 _ (resp. S^° —51"°) by sending s to 
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S- such that s_(-) = s(-) over Jord{(j))\{{p, 2x +1), {p, 2x — 1)} and S-{p, 2x — 1) = s{p, 2x + l)s(/9, 2x — 1). 
Hence there is a short exact sequence 

(7.5) 1-< s >->■ ->■ S(p_ ->■ 1 


( resp. 1 -!■ < s >->■ S^° -!■ -!■ 1 ) 


where s(-) = 1 over Jord{(f>) except for s{p,2x + 1) = s{p,2x — 1) = —1. For the characters of 50 _, we 
have 

S^° = {e = {si € Z 2 ) : = 1}) 

and if G is special even orthogonal, 

Srf)_ = {e = (e, G Z 2 ) : e* = 1}/ < eo >, 

where eo = (eo,i) G satisfies eo,i = 1 if n* is even, and eo,j = — 1 if Uj is odd. So eo is trivial when 
restricted to iS 0 _. In general, let eo = 1 if G is not special even orthogonal. 

At last we want to point out in this case (j)- factors through </>m_ £ ^ 2 (A 7 _), for a Levi subgroup 
M_ = GL{ni) X G' and (I)M- = (j)i x (j)' such that 

(/)' = 4>2® ■ ■ ■ ® 4>r- 


Since 

^M_ ±- ±M_ i ’ 


we can get an inclusion ^ 1 which in fact just extends s'(-) € ) |-j.jYially to Jord{(j)-) 

(forgetting multiplicities). So on the dual side, there is a projection 




given by restricting e(-) to Jord{(j)'). Taking quotient by < eo >, we get S(j,_ —>■ It follows from 

Arthur’s theory (i.e., Theorem 12.2112.3114.21 and I4.4ji that 

(7.6) n^_ = X ( resp. n^° = x n^,°) 

Moreover, 

(7.7) 710^ X 7 r( 0 ',^) = vr((/)_,e) 


( resp. x ((/)', e') = © ^ vr^o((/>_, e)) . 

We will need this description of ]i(^_ (resp. n^° ) in Section [ 8 ] (resp. Section [9|). 

In all the above cases, we can canonically identify iS 0 _ (resp. with a subgroup of 5^ (resp. S^°) 

of index 1 or 2, so later on we will always view e G as functions on Jord{(j)). 


Lemma 7.3. Suppose (j) G ^ 2 {G), and {p,2x + 1) G Jord{4>). 

(1) If X > 1/2 and {p,2x — 1) ^ Jord{(j)), then 7r((/)_,e) = JaCxT^{4>,£) for all E G S^_ = S^j). 

(2) If X > 1/2 and {p,2x — 1) G Jord{(f>), then JaCxT^{f),£) = 0 unless £ G S^_, i.e., 

£{p, 2x + l)e(/?, 2 x - 1) = 1, 
in which case 7r((/)_,e) = JaCxTT{4>,£)- 
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(3) If X = ll2, then Jaci/27r(<^, e) = 0 unless e G i.e., 

e{p,2) = l, 

in which case = JaCxT^{<p,e). 

Proof. First we know from (17.2^ that n^_ = Jac^H^, so in particular Jacj^vr do not have common irre¬ 
ducible constituents with each other for [vr] € Next for s G suppose —>■ {4>,s), then we 

have 

(7.8) fH{f)H)= ^ < s,TT > fciir) = '^ e{s)fG{TT{4>,e)), 

[7r]Gn^ £65^ 

for / G IL^G). In the notation of Section 01 we can write 

H = Gj X Gji and (fn = (f>j x (pn 

Let us first assume (p, 2x-|-1) ^ Jord{4>ii). Then (p', 2x +1) G Jord{4>i) for p' = p (g)pj if G is symplectic, 
and p' = p otherwise. By (j7.3[l . 

Jq,CxH(Pjj — 0 . 

So we let (see Section [ 6 ]), and define (pH- = <Pi- x (pii, where 

Jord[(pi-) = Jord{(pi) U {(p', 2x - l)}\{(p', 2x + 1)}. 

After applying (|6.2p . (16.3p and p6.4p accordingly to (|7.8p . we get 

(7.9) f^-{(Pfj_)= ^ < s,Tr > fG_{IaCxTT) = e{s)fG_iIaCx7r{(p,e)), 

for / G 'H{G-). On the other hand note {H-,(pH_) —^ (</>_, s_), where s_ is the image of s under the 
projection —>■ <S 0 _, so we have 

f^-i(pH-)= < s-, 7 r_ >/G_(vr_) = ^(s_)/g_(?!((/>_,^)), 

[7r_]Gn^_ e'esp,_ 

for / G ^(G_). Combining this identity with (17.91) . we get 

(7.10) ^ £(s)/G_(JaCa;7r((?i,e)) = Y ^{s-)fG-{'^{f>-,^))- 

In fact (I7.in|) also holds when (p, 2x + 1) G Jord{(pii), and the argument is similar. 

By the linear independence of characters of irreducible smooth representations of G{F), Tr{(p-,e') is in 
JaCxT({(p, e) only when 

e{s) = ^(s_) 

for all s G S^, i.e., e' = e. This implies Jac 3 ; 7 r(i?!), e) = 0 for e ^ <S^_. Then after a little thought, one can 
see 

7r(i^_,e) = 3aCxTr{(p,e) 

for all e G S^_. 

□ 

Now we are in the position to prove Theorem 13.31 For the convenience of readers we will restate the 
theorem here. 

Theorem 7.4 (Moeglin). The TiQ-orbits of irreducible supercuspidal representations of G{F) can be 
parametrized by cp ^ '^ 2 (G') o,nd e ^ satisfying the following properties: 

(1) if (p, a) G Jord{(p), then (p, a — 2) G Jord{(p) as long as a — 2 > Q; 

(2) if (p, a), (p, a — 2) G Jord{(p), then e(p, a)e{p, a — 2) = — 1; 

(3) if {p,2) G Jord{<p), then e{p,2) = —1. 
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Proof. Let vr be an irreducible discrete series representation of G{F), and we can assume [vr] = TT((f,e) for 
some (f € $ 2 (G) and s G Stp. It is not hard to see that vr is supercuspidal if and only if JaCa;Vr((/i, e) = 0 
for any unitary irreducible supercuspidal representation p of GL{dp,F) and any real number x. Then 
by (|7.3p . it is enough to consider the cases when {p,2x + 1) € Jord{(p). Note each of the conditions in 
this theorem excludes exactly one situation in Lemma 17.31 for JaCa;7r((^, e) ^ 0. So it is clear that these 
conditions are both necessary and sufficient for vr being supercuspidal. 

□ 

Remark 7.5. The necessity of condition (1) has already been established by Proposition 13.11 but in this 
proof we do not need to know that result. 

8. Cuspidal support of discrete series 

In this section we are going to characterize the cuspidal supports of discrete series representations of 
G{F). Let (j) G for any (p, a) G Jord{4>), we denote by a_ the biggest positive integer smaller than 

a in Jordp{4>). And we would also like to write Omm for the minimum of Jordp{4>). If a = amin, we let 
a_ = 0 if a is even, and —1 otherwise. In this case, we always assume e(p, o)e(p, a_) = —1. 

Proposition 8.1. Suppose 4> G ^ 2 {G), and e G . 

(1) If e{p, a)e{p, a_) = —1 and a_ < a — 2, then 

(8.1) (o - l)/2, • ■ ■ , (a- + 3)/2 > xi7r((/)',^) 

is the unique irreducible element in Rep{G) as an 'H{G)-submodule, where 
Jord{(l)) = Jordifi) U {(p, a_ + 2)}\{(p, a)}, 

and 

e'(-) = e(-) over Jord{(j))\{{p, a)}, e'(p, a_ + 2) = e{p, a). 

(2) If e{p,a)e{p,a- ) = 1, then 

(8.2) 7r(<(',e) (a - l)/2, • • • , -(a_ - l)/2 > X7r(())',^), 
where 

Jord{(t)') = Jord{(t))\{{p,a), (p,a_)}, 

and s'{-) is the restriction of e{-). In particular, suppose Si G satisfying ei(-) = e(-) over 
Jord{4>') and 

ei{p,a) = -e{p,a), ei(p,a_) = -e(p,a_). 

If El = £, then the induced 'H{G)-module in ()8.2p has a unique irreducible element in Rep{G) as 
an ^{{G)-submodule. Otherwise, it has two irreducible elements in Rep{G) as ^{{G)-submodules, 
namely 

7r((/),e) © 7r(()),ei). 

(3) If e(p, amin) = 1 and Umin is even, then 

(8.3) 7r((/>, e) -A< (a^m - l)/2, • • • , 1/2 > X7r(())', ^) 

is the unique irreducible element in Rep{G) as an 'H{G)-submodule, where 

Jord{(j)') = Jord{(j))\{{p,amin)}, 
and e'(') is the restriction of £{■). 

Proof. The proofs of part (1) and part (3) are almost the same, so here we will only give the proof of part 
(1). We start by considering the Jacquet module Jac((i_i)/ 2 ,... ,(a_+ 3 )/ 2 '^(</’) £)> aiid by applying Lemma 17^ 
multiple times we have 

JaC(a_i)/2,... ,(a_+3)/27’'(<('©) = 

It follows from Corollary 15.41 that 

Tr{4>,£) -A pII V X ■ ■ ■ X p||^“ X TT{(p',e'). 
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I I ^ - 1 ^ 

By Lemma E21 we can take an irreducible constituent r in p||“ 2 “ x • • • x p\\ 2 ^ such that 

Tt{4>,£) T X Tr{(f)',^). 

So it is enough to show r =< • • • , >■ If this is not the case, we know from Lemma 15.71 that 

Jac^r 7 ^ 0 for some (a_ + 3)/2 ^ x < (a — l)/2. So r / 9 ||* x t' for some irreducible representation t', 
and 

7r((^,e) ^ p\\^ X r' X 7r(0',^). 

By Frobenius reciprocity, JaCa;' 7 r( 0 , e) 7 ^ 0. However, {p,2x + 1) ^ Jord{(j)) under our assumption, so we 
get a contradiction (see (|7.3p L 

To see the induced ^(G)-module in (18.11) has a unique irreducible element in Rep(G) as an ^(G)- 
submodule, we can compute its Jacquet module under Jac(a_i)/ 2 ,.-. ,(a_+ 3 )/ 2 - By applying the formula (|5.4I) . 
we find the Jacquet module consists of 

Jacxi < (o — l)/2, • • • , (u- + 3)/2 > < (o — l)/2, • • • , (a_ + 3)/2 > x Jacjv 3 vr( 0 ', ^), 

where 

{(a — l)/2, • • • , (a_ + 3)/2} = Xi U X 2 U X 3 , 

and Xi inherits the order from {(a — l)/2, • • • , (a_ + 3)/2}. Note Jacxi < (a — l)/2, • • • , (a_ +3)/2 > 7 ^ 0 
only if Xi is a segment {(o — l)/2, • • • , xi}. Similarly, Jac((((^^ < (a — l)/2, • • • , (o_ + 3)/2 > 7 ^ 0 only if 
X 2 is a segment {—(a_ + 3)/2, • • • , X 2 }. Since —(a_ + 3)/2 ^ {(a — l)/ 2 , ■ ■ ■ , (a_ + 3)/2}, X 2 has to be 
empty. Therefore the Jacquet module can only contain terms like 

,xi ^ ifl I)/2) ■ ' ' ) (O— T 3)/2 > X — ,(a_+3)/2^(‘^ ) ^ ) ■ 

But from our definition of Jord{(p'), we see {a, • • • , (a_ +4)} has no intersection with Jordp{(j)'), so 

—!,■■■,(a—+3)/2^i4' ,£ ) 0 

by dLl]). Hence we can only have 

Jac(a_i)/ 2 ,...,(a_+ 3 )/ 2 ( < (a - l)/ 2 ,--- ,(a_ +3)/2 > X 7 r((/>',^)^ = 7 r( 0 ',^). 

Note this implies < (a — l)/2, • ■ ■ , (a_ + 3)/2 > X 7 r((^',£') has a unique irreducible element in Rep(G) as 
an H(G)-submodule. 

For part (2), we will first consider Jac(a_i)/ 2 , .. ,(a_+i)/ 2 ^('^)^)j and again by applying Lemma 17.31 
multiple times we have 

JaC(a_i)/ 2 ,...,(a_+l)/ 2 '^('^)^) = 

where Jord{(j)-) = Jord{(p)[J{{p, a-)}\{{p, a)}, and £_(■) is the restriction of £(•) to Jord{(p-) (forgetting 
multiplicities). As in part ( 1 ), we can show from here that 

(8.4) vr(<?^',e) ■^< (a - l)/2,--' , (a_ + l)/2 > X7r((/)_,£_). 

Note n^_ = St{p,a-) x H,^/ (see (USD) , so 

7 r( 0 _,£_) St{p,a-) X Tr{(j)',£') =< (a_ — 1)2, • • • , —(a_ — l)/2 > X 7 r((^',^), 

and hence 

(8.5) 7 r( 0 ,£) '^< (a — l)/2, • • • , (a_ + l)/2 > x < (a_ — l)/2, • • • , —(a_ — l)/2 > X 7 r((^',^). 

By Lemma 15.21 we can take an irreducible constituent r in 

< (a - l)/2, • • • , (o_ + l)/2 > X < (a_ - l)/2, • • • , -(o_ - l)/2 >, 


such that 


Tr{(j),£) 7> T X Tr{(f)',e'). 
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Therefore it suffices to show r =< (a — l)/2,--- (a- — l)/2 >. If this is not the case, then by 

Theorem IB. II 

r -A< (a_ - l)/2, • • • , -(a_ - l)/2 > x < (o - l)/2, • • • , (a_ + l)/2 > . 

And by Frobenius reciprocity, we have 

JaC(a__i)/ 2 ,... -(a_-l)/27r / 0. 

But this is impossible, because one can check 

At last, we still need to show the irreducible elements in Rep(G) as submdules of the induced 'H{G)- 
module in (18.2p are either 7r{(p,e) or 7r(0, e) 0 7r{(j),si) depending on whether s and £i are equal or not. 
Note we can show in the same way as in part (1) that Tr{<p,£) is the unique irreducible element in Rep(G) 
as an submodule of the induced ^(G)-module in (|8.4p . And the same is true for Tr{(j),£i). Since e = if 
and only if e_ = £i-, where is again the restriction of ei(-) to Jord{(j)-) (forgetting multiplicities), 

let us assume £ ^ £i first. Then by (17.71) 

TT{(j)-,£-) ® TT{(j)-,£l-) = St{p,a-) X 

and hence the irreducible elements in Rep(G) as submodules of the induced 'H(G)-module in ()8.5I) are 
exactly 7r{(p, e) 0 ei). So we only need to show the induced ^(G)-modules in (j8.2p and (18.5p have the 
same irreducible elements in Rep(G) as submodules. One direction is clear, i.e., the irreducible elements 
in Rep(G) as submodules of 

< (a-l)/2,--- ,(a_0l)/2> x < (a_-l)/2,--- ,-(a_-l)/2> X7r(())',^) 
contain that of 

< (a — l)/2, • • • , —{a- — l)/2 > X7r((/)',^) 

And from what we have shown, it is clear that 7r((/), e) 0 Tr((f),£i) are in < (a — l)/2, • • • , —(u- — l)/2 > 
X7r((/)',e'), so they have to contain the same irreducible elements in Rep(G) as ^(G)-submodules. Now if 
e = ei, we have by (j7.7p 

7r((^_,e_) = St{p,a-) x Tr{<j)',£'), 
and the rest of the argument is the same. 

□ 


9. Remarks on even orthogonal groups 


The previous results of this paper can also be extended to representations of G^°{F). Note the only 
nontrivial case here is when G is special even orthogonal. First, we will extend Proposition 13.21 


Corollary 9.1. Suppose tt is a supercuspidal representation of G{F) and [vr] € for some cp G $ 2 (G). 
Let 7r^° be any irreducible representation of G^°{F), whose restriction to G contains vr. Then for any 
unitary irreducible supercuspidal representation p ofGL{dp, F) and real number Op, the parabolic induction 

^||±(a,+l)/2 ^ ^So 


reduces if and only if p is self-dual and 

max Jordp{4>)^ 


(9.1) 


ap= < 


0 , 

-T 


if Jor dp{4>) / 0, 

if Jordp{(p) = fp, p is of opposite type to G, 
otherwise. 


Proof. We can assume G is special even orthogonal. First we would like to give the relation of irreducibility 
between an irreducible representation vr of G{F) and an irreducible representation 7r^° of G^°{F) which 
contains vr in its restriction to G{F). For any irreducible representation r of GL{d,F), it is easy to show 
the following fact: 

• If vr ^ 7r^°, T X 7r^° is irreducible if and only if r x vr is irreducible and (r x 7r)®° ^ r x tt. 
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• If tt = 7r^°, r X TT is irreducible if and only if r x is irreducible and r x ^ (r x 7r^“) 0 loq- 

Let T = y9||(“p+i)/2 and tt be supercuspidal. We assume r x vr is a representation of G+(F). Note the 
condition (13. 4p implies m- To see the necessity of the condition (|9.ip . we need to show if it is not 
satisfied, then r x 7r^° is irreducible. Since r x vr is irreducible in this case, it suffices to consider tt ^ 7r^°, 
and we would like to show (r x 7r)^° ^ r x tt. Since r and tt are both supercuspidal, this is also equivalent 
to show there does not exist a Weyl group element of G{F) sending r x 7r®° to r x vr, i.e., r ^ or d 
is even. Suppose t = and d is odd, then Op = — 1 and p is necessarily of orthogonal type, hence one 
can only have Jordp{(p) 0 in view of ()9.1I) . This implies so vr = 7r^° (see the remarks after 

Theorem 12.3p and we get a contradiction. 

To see the reducibility condition (j9.ip is also sufficient, we first consider the case vr = vr^o, then the 
condition m becomes the same as (13.4p . If (j9.ip is satisfied, then r x vr reduces. Suppose r x vr^° is 
irreducible, then r x vr^° = (r x vr^°) 0 ujq, and hence 

(r X vr^°)|G+ = r X (vt^^Ig) = r x vr = vr+ © vr^°, 
where vr_|_ ^ vr^°. By the theory of Langlands quotient, one must have t = p. Define (j)+ by 

Jord{4>+) := Jord{4>) U {(/?, 1) with multiplicity 2 }. 

Then [p x vr] C . Since vr = vr^°, we have y^ S(j, , and it follows S'^° y^ S(j)_^. So vr^° = vr+. This is 
a contradiction. 

At last, we can assume vr ^ vr^°, and it suffices for us to show if r x vr^° is irreducible, then (19.ip is not 
satisfied. In this case r x vr is irreducible and (r x vr)^° ^ r x vr. In particular, (|3.4p is not satisfied. So we 
only need to exclude the case that p is of orthogonal type, Jordp{4>) = 0, Up = —1 and d is odd. In this 
case [r X vr] = [p X vr] G and y^ ('^ ^ = r x vr, which again leads to a contradiction. 

This finishes the proof. 

□ 

Next, we would like to extend Lemma 17.31 

Lemma 9.2. Suppose (j) G ^ 2 {G), and {p,2x + 1) G Jord{4>) with x > 0. Let cj)- G ^Md{G-) such that 

Jord{(j)-) = Jord{4>) U {(p, 2x — l)}\{(p, 2x + 1)}. 

Then we have the following facts: 

(1) If x > 1/2 and (p,2x — 1) ^ Jord{(j)), then vr^°((/>_, e) = JaCxTT^°{(f),s) for all e G S^°_ = . 

(2) If x > 1/2 and {p,2x — 1) G Jord{(f>), then JaCxTT^°{(f,e) = 0 unless £ G i.e., 

e(p, 2x + l)e(p, 2x - 1) = 1, 
in which case vr^°((^_,e) = JaCx7T^°{4>,£). 

(3) If X = 1/2, then Jaci/2TT^°{4>,£) = 0 unless e G i.e., 

£{p,2) = l, 

in which case vr^°((^_,e) = JaCx7T^°{<f>,£). 

Proof. Let G = G{n) be special even orthogonal. If n = dp, then it suffices to assume Jord{(l)) = {(p, 2)}. 
In this case, we necessarily have e = 1 and 

[(Jaci/2vr^°(((),£))|G] = [Jaci/2(vr^°((/>,e)lG)] = Jaci/2(vr(((), e)) = 1. 

So now we can assume n y^ dp. We claim JaCa;Vr^°((?!), e) = 0 unless £ G in which case, 

Jaca;vr^°((^,e) = vr^°((^_,e) or vr^°(</>_,eeo). 

Suppose y^ S^, then 

[(Jac,j,vr^°(0,e))lG] = [Jaca;(vr^°(0,e)|G)] = JaCa;Vr((^,e) = 0 or vr((/)_,e). 
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and it is nonzero only when s € ■ Suppose = Sfj,, then 

[(JaCa;7r^°((/),e))|G] = [Jac 3 ;(vr^°((/),e)|G)] = 2 Jac 3 ;(vr((?i,e)) = 0 or 27r((/>_,e), 

and it is again nonzero only when e € . So the claim is clear and it also suffices to show the lemma 

when S^° ^ S^j,, i.e., eo 7 ^ 1. Let us choose s* € such that eo(s*) = —1. Then s* ^ S^f,. Suppose 
{H, 4>h) (</’j s*), then we have from (|4.5p 

(9.2) = ^ < e(s*)/G(vr^°(</>,£)), 

for / € C^{G{F) XI 60 ). In the notation of Section 01 we can write 

H = Gi X Gii and cj)H = </*/ x (pu 

Without loss of generality we can assume {p ( 8 ) r///, 2x + 1) ^ Jord{(pii) and {p ® pi, 2x + 1) E Jord{(pi). 
Then by (17.3^ . 

Jac^ Ilf^jj — 0 . 

We let (see Section [ 6 ]), and define (pH- = (pi- x (pii, where 

Jord{pi-) = Jord{pi) U {{p ^ pi, 2x - l)}\{(/9 < 8 ) pn 2x + 1)}. 

So after applying (|6.7p to (|9.4|] . we get 


(9.3) f^-{pH-) = '^ £{s*)fG-{^ac^'^^°{p,£)) = ^ e(sl)/G_(vr^°(</>-,e')), 

££S(j)_ 

for / E G^{G-{F) X 9o), where e' = e or e' = eeq. Since {F[-,pH-) (</>-, sL), where si is the image 

of s* under the projection S^° —and si ^ iS 0 _, we also have 

f^-{<pH-)= ^ e(sl)/G_(vr^°(</>-,e)), 

£GS(P_ 

for / E G^{G-{F) X 9o). Combining this identity with p9.3ll . we get 


(9.4) 


e(sl)/G_(vr^°(</>-,e')) = Y 

sGSfh 


By the linear independence of twisted characters of irreducible smooth representations of G{F), we have 

£is*_)fG_{n^°i(p-,£')) = e(sl)/G_(vr^° (</>-,£)) 

and hence 

/G-(7r^° (</>-,£')) = /G-(vr^°(<?^-,e))- 
This implies 7 r^°{p-,e') = (</>_,e), so e = el 

□ 


As a consequence of this lemma, we can extend Proposition 18.11 We will follow the same setup in the 
beginning of Section [HI 

Proposition 9.3. Suppose p E ^ 2 {G), and e E <S^°. 
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(1) If £{p, a)e{p, a_) = —1 and a_ < a — 2, then 

(9.5) (o — l)/2, • • • , (a_ + 3)/2 > X 7 r^°( 0 ',e') 
as the unique irreducible subrepresentation, where 

Jordicf') = Jord{(f) U {{p, a_ + 2)}\{(p, a)}, 

and 

e'(-) = e(-) over Jord{(f))\{{p, a)}, e'{p, a_ + 2) = £{p, a). 

(2) If £{p,a)e{p,a-) = 1, then 

(9.6) 7r^°(<(',e) (a - l)/2,-- - ,-(a_ - l)/2 > X 7 r^°((/>',e'), 
where 

Jord{(t)') = Jord{4>)\{{p,a), (/ 9 ,a_)}, 

and £'{■) is the restriction of e{-). In particular, suppose Si G satisfying ei(-) = e(-) over 
Jord{4>') and 

£i{p,a) = -£{p,a), Slip,a-) = -e(/ 9 ,a_). 

Then the induced representation in dlS]) has two irreducible subrepresentations, namely 

Tr^°{(j),£) ®7r^°{(j),£i). 

(3) If £{p, amin) = 1 CLud amin is even, then 

(9.7) (</>,£) (a^in - l)/2, • • • ,1/2 > X7r^o(0', e') 
as the unique irreducible subrepresentation, where 

Jord{(j)') = Jord{(j))\{{p,amin)}, 
and e'(') is the restriction of £{■). 

The proof of this proposition is almost the same as Proposition 18.11 so we omit it here. 

10. Classification of discrete series 

Now we want to characterize the irreducible discrete series representations of G^°{F) in terms of their 
cuspidal supports. For any irreducible discrete series representation e) of G^°{F), we can associate 

a triple {Jord,TT^°gp, A). Here Jord = Jord{(j)) and vr^°,p is a supercuspidal representation of G^°{F) 
which is part of the cuspidal support of 7 r^°. Let us assume if’cusp, £ cusp)- Finally, A is a 

Z 2 -valued function defined on a subset of 

Jord U {Jord x Jord), 

i.e., A is not defined on {p,a) G Jord with a being odd and Jordp{(fcusp) 7 ^ 0; A is not defined on pairs 
{p,a), {p',a') G Jord with p ^ p'. Moreover, we require A to satisfy the following properties: 

(1) A{p,a)A{p,aI)-^ = A{p,a-,p,o!), 

( 2 ) A{p, a; p, a')A{p, a'; p, a") = A{p, a; p, a”), 

(3) A{p,a-,p,a') = A{p,a'-,p,a). 

In our case, we can define 

A{p,a) = £{p,a) 

for {p,a) G Jord with a being even or Jordp{(fcusp) = 0; and 

A{p, a; p', a') = e(p, a)e(p', a')”^ 

for {p, a), {p', a') G Jord with p = p'] otherwise A is not defined. 

In view of Theorem 13.31 and Proposition 19.3( {4>cusp,£cusp) can be constructed from {4>,£) as follows. 
First we take a maximal sequence of parameters (fi for 1 ^ ^ A: such that = (f and (fi+i is obtained 

from (fi by removing {p, a) and {p, a_), where a_ is the biggest positive integer smaller than a in Jordp{(f)i) 
and £{p,a) = £{p,a-). Secondly, we remove all {p,a) G Jord{(f>k), where a = min Jordp{(l)k) is even and 
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e{p,a) = 1 . We denote the resulting parameter by 4'k+i and index Jordp{(pk+i) = {oj} for j ^ I such 
that Oj+i > ttj. Then we can identify Jord{4>k+i) with Jord{(j)cusp) by sending {p,aj) to {p,2j — 1 ) if aj 
is odd, or {p, 2j) if aj is even. Let £cusp be the restriction of e. 

In general, we can consider all triples {Jord,TT^°sp, A) such that Jord = Jord{4>) for some </> € ^ 2(^)5 
'^'cusp is some supercuspidal representation of G^°{F) which is of the same type as G^°{F), and A satisfies 
the property that we have mentioned above. Let Jordp = Jordp{4>). Next we will introduce the concept 
of admissibility for such pairs. Let 


Jovdp {(f^cusp) 


Jordp{4>cusp) U {0}, if amin = min Jordp is even and A(p, a^m) = 1, 
Jordp{4>cusp), otherwise . 


Then {Jord, A) is called an admissible triple of alternated type if 

(1) A(p, a; p, a_) = —1, if a_ is the biggest positive integer smaller than a in Jordp. 

(2) \Jord^{(f>cusp')\ — |</or(ip|. 

We say {Jord', T^^uspi ^0 i® subordinated to {Jord, T^fusp: if Jord'p = Jordp\{a, a_}, where A{p, a; p, a_) = 

1, and A' is the restriction of A. Then {Jord,7r^°gp, A) is called an admissible triple if there exists a 
sequence of triples {Jordi, Aj) for 1 ^ ^ /c such that 

(1) {Jord,Tr^°,p,A) = {Jordi, 7rf°,p, Ai), 

(2) (Jordj_|_i, Aj+i) is subordinated to (Jordj, A,) for 1 ^ f ^ /c — 1, 

(3) {Jordk,TT^usp^ ^k) is an admissible triple of alternated type. 

Comparing this definition with our construction of {4>cusp, £cusp) from {4>, e), it is easy to see that the triples 
we associate with irreducible discrete series representations are admissible. On the other hand, from any 
admissible triple {Jord,TT^°gp, A) with Jord = Jord{4>) for some ^ € ^ 2 ( 0 ) and = 7r^°{(t>cusp,£cusp), 

we can always extend £cusp{-) in a unique way to e(-) € such that the triple is associated with 
7r^°{(f>,£). Therefore we have shown the following theorem. 


Theorem 10.1 (Moeglin-Tadic). There is a one to one correspondence between irreducible discrete series 
representations ofG^°{F) and admissible triples {Jord,Tr^°sp, A). 

One can also see how to construct irreducible discrete series representations from admissible triples 
according to Proposition 19.31 If {Jord,Tr^°gp, A) is an admissible triple of alternated type, let 

Ip . Jordp } Jordp {4>cusp') 

be the monotone bijection. Then the corresponding irreducible discrete series representation can be 
viewed as the unique irreducible subrepresentation of 

(n( n < (a-1)A ••• ,(^p(a) +l)/2>)) X 71,%, 

p a£ Jordp 

where the product over Jordp is in the increasing order. If {Jord, vr^“gp, A) is an admissible triple, we 
can assume (Jord', vrSsp AO i® subordinated to {Jord,TT^°gp, A), where Jord'p = Jordp\{a,a-}. Suppose 
7 r'^° corresponds to {Jord','K^°gp, A'), then 

< (a - I)/2, • • • , -{a- - l)/2 > xvr'^o 

has two irreducible subrepresentations, and one will correspond to 7 r^° while the other corresponds to the 
other extension of A' to Jord. 


11. Remarks on the original approach of Mceglin and Tadic 

The original approach of Mceglin and Tadic to Theorem IIP. II does not depend on Arthur’s theory, i.e., 
Theorem 12.2112.3114.21 and 14.41 So the first immediate question becomes how to associate a set of Jordan 
blocks to every irreducible discrete series representation of G^°{F) without assuming Arthur’s theory. 
The answer can be motivated by the following result due to Arthur. It follows from the computation of 
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the i?-group defined by parameters and the fact that they are isomorphic to the representation theoretic 
i?-group (see |Artl3l Section 2.4 and Section 6.6]). 

Theorem 11.1. Suppose 7r^° is an irreducible discrete series representation of G^°{F), and 7r^° € 
for some (j) € ^ 2 (G')- Then for any self-dual irreducible supercuspidal representation p of GL{dp, F) and 
positive integer a, {p, a) G Jord{4>) if and only if (p, a) is of the same type as G, and 

(11.1) St{p,a) » 

is irreducible. 


It is clear from this theorem that we can associate every irreducible discrete series representation 
of G^°{F) with a set Jord{TT^°) of Jordan blocks as follows, 


Jord{'K^°) := {{p,a) of the same type as G : p is self-dual supercuspidal, a € Z>o and (|ll.ll) is irreducible}. 

The next question is about the construction of Z 2 -valued function A (see Section fTO)) . In |Moe g02| , Moeglin 
defines A over a subset of 

Jord{'K^°) U {Jord{TT^°) x Jord{TT^°)), 

i.e., A is not defined on (p, o) G Jord{'K^°) with a being odd and Jordp{'K^°gp) / 0; A is not defined on 
pairs (p, a), (p', a') G Jord{'K^°) with p ^ p'. Moreover, A satisfies those properties that we have described 
in Section [TOl Here we will only mention how to define A for pairs (p, a), (p, a_) G Jord{7r^°), where a_ is 
the biggest positive integer in Jordp{Tr^°) that is smaller than a, and also for {p,amin) £ Jord{'K^°) with 
Omm = min Jordp{TT^°) being even. In view of Proposition 19.31 this definition is given in the reversed 
way, i.e., 

(1) A(p, a;p, a_) = 1 if and only if 


TT' 


So 


(a - l)/2,--- ,(a_ + l)/2 > xirf 


So 


for some irreducible representation of G^°{F). 
(2) When amin is even, A{p,amin) = 1 if and only if 


TT 


So 


{amin - l)/2, • • • , 1/2 > X7r_ 


So 


for some irreducible representation 7r_ of G_{F). 

At last, for G{n) we let A = 2n + 1 if G is symplectic, and N = 2n otherwise. Then Moeglin proved 
the following dimension equality. 

Theorem 11.2 (Moeglin |Moegl4|). Suppose 7r^° is a discrete series representation of G^°{n, F), then 


E 

{p,a)£j ordiiT^O) 


adp = N. 


This theorem becomes trivial if we know Theorem 12.21 and identify Jord{7r^°) = Jord{(j)) under Theo¬ 
rem [TLTJ But without assuming all these results of Arthur, this theorem is far from being obvious. 


Appendix A. Local L-function 

In this appendix, we give explicit formulas for three different types of local L-functions, i.e., Rankin- 
Selberg L-function, symmetric square L-function and skew symmetric square L-function. Let A be a 
p-adic field, and q be the number of elements in the residue field of F. 
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A.l. Rankin-Selberg L-function. We follow |JPSS83j here. Let tt be an irreducible smooth repre¬ 
sentation of GL{n,F) and a be an irreducible smooth representation of GL{m,F), the local Rankin- 
Selberg L-function is denoted by L(s, vr x u) for s € C. It satisfies L{s, vr x a) = L{s, a x tt) and 
L(s, 7r||* X cj) = L{s + t,TT X a). 

Cuspidal case: 

Suppose both vr and cr are unitary supercuspidal representations. 

(1) If n / m, then L(s,7r x a) = 1; 

(2) If n = m, then 

L(s,7rxcT) = n(l-9-(^+*'^)-' 

t 

where the product is over all real numbers t such that 7r||** = cr^. 

Discrete series case: 

We assume tt is St{p, a) for an irreducible unitary supercuspidal representations p and integer a. Sim¬ 
ilarly we assume a is St{p', b). If n ^ m, then 


L(s ,TT X a) = '[[L{s + p X p'). 

i=l 

Tempered case: 

Suppose TT = TTi X ■ ■ ■ X TTi and cr = cxi x • • • x cjfc, where vTj, aj are discrete series representations. Then 

L{s,tt X a) = JjL(s,7ri x aj). 
hj 


Non-tempered case: 

Let TT be the Langlands quotient of the induced representation 11 = 7ri||“i x • • • x 7r/||“' for tempered 
representation vTj and real numbers ui > ■■■ > ui. Let a be the Langlands quotient of the induced 
representation S = criH’'! x • • • x crfc||’''= for tempered representation aj and real numbers vi > ■ ■ ■ > Vk- 
Then 

L{s, TT X a) = L{s, n X S) = L{s + Ui + Vj,TTi x aj). 




A.2. Symmetric square and skew-symmetric square L-functions. We follow |Sha92| here. Let 
TT be an irreducible smooth representation of GL(n,F). The symmetric square (resp. skew-symmetric 
square) L-function is denoted by L(s, TT, 5^) (resp. L(s,7r,A^)). We have L(s, ttxtt) = L{s,tt, S‘^)L{s,tt, A^), 
and L{s, tt\\^,R) = L{s + 2t, tt, R) for R = oi A^. 

Cuspidal case 

Suppose TT is a unitary supercuspidal representation of GL{n,F). 

(1) L{s, TT, A^) = 1 unless n is even and some unramified twist of tt is self-dual. So let us suppose n is 
even and tt is self-dual. Let S be the set of real numbers t modulo such that 

/ fCgw~^gw)dg / 0, 

J Spn{F)\GLr,{F) 

for some / G G)F{GLn{F)) defining a matrix coefficient of 7r||*h Here ^g is the transpose of g and 


(A.l) 


/ 0 


w = 


V-1 


1 


-1 




0/ 


Then 


L{s,TT,A^) = ll{l-q-^^+^^^^)-\ 
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(2) L(s,7r,5^) = 1 unless some unramified twist of vr is self-dual. So let us suppose vr is self-dual. 

(a) If n is odd, then 

Lis,7r,S^) = {l-q-n-\ 

where r is the maximal integer such that vr = 

(b) If n is even, 

L(s,vr,S2) = 

t£S' 

where S' is the set of real numbers t modulo such that 7r|p** = vr and for any / G 

C^{GLn{F)) defining a matrix coefficient of 7r||**, one has 

/ f(^gw~^gw)dg = 0. 

J Spr,{F)\GLr,{F) 

Here w is again given by (lA.ljl and 'g is the transpose of g. 

Discrete series case: 

We assume vr is St(p,a) for an irreducible unitary supercuspidal representations p and integer a. Set 
TTi = p||(“+i)/2-i for 1 ^ i ^ a. 

(1) Suppose a is even, then 


a/2 

L(s, 7r,A^) = JjL(s,7ri, A^)L(s,7ri||“^/^,S'^), 
i=l 
al2 

L{s, vr, ^2) = II L{s, vTi, S^)L{s, 

i=l 

(2) Suppose a is odd, then 

(a+l)/2 (n-l)/2 

L(s,7r,A^)= L{s,Fi,A^) L(s, vri] 5^), 

i=l i=l 

{a+l)/2 (n-l)/2 

L{s,tt,S‘^)= L(s, 7rj||"^/^,A^). 

i=l i=l 

Tempered case: 

Suppose vr = vTi X • • • X VT;, where vrj are discrete series representations. Then 

i 

L{s, vr, A^) = Y\ F{s, vr*, A^) L{s, vr* x vr^), 

i=l lsgi</sgZ 

I 

L(s,vr,S'^) = JjL(s,vr*,5^) L(s, vr* x vr^). 

i=l 

Non-tempered case: 

Let vr be the Langlands quotient of the induced representation H = vri||“i x • • • x vr/||“' for tempered 
representation vr* and real numbers ui > ■ ■ ■ > up Then 

i 

L(s,vr, A^) = L(s,n, A^) = -h2u*,7r*, A^) L{s + Ui + Uj,Fi x Trj), 

i=l 

Z 

L(s, vr, 5^) = L(s,n, 5^) = ]^L(s-I-2u*,7r*, 5^) L(s-|-u*-|-Uj, vr* x vr^). 

i=l 
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Appendix B. Reducibility for some induced representations of GL(n) 

We define a segment to be a finite length arithmetic progression of real numbers with common dif¬ 
ference 1 or —1, it is completely determined by its endpoints x, y, and hence we denote a segment by 
[x,y] or {x, ■ ■ ■ ,y}. Let -F be a p-adic field and p be a unitary irreducible supercuspidal representation 
of GL{dp, F). The normalized induction 

prx---xp\\y 

has a unique irreducible subrepresentation, which is denoted by < p;x, - ■ ■ ,y > ov < x, - ■ ■ ,y >■ If x ^ y, 
this is called Steinberg representation; if x < y, this is called Speh representation. 

For any two segments [x,y] and [x',y'] such that (x — y){x' — y') ^ 0, we say they are linked if as 
sets [x,y] ^ [x',y'], [x',y'] ^ [x,y], and [x,y] U [x',y'] can form a segment after imposing the same order. 
The following theorem is fundamental in determining the reducibility of an induced representation of 
GL{n,F). 

Theorem B.l (Zelevinsky |Zel80| l. For unitary irreducible supercuspidal representations p, p' of general 
linear groups, and segments [x,y], [x',y'] such that (x — y)(x' — y') ^ 0, 

< P;x,--- ,y > X < p';x',--- ,y' > 

is reducible if and only if p = p' and [x,y], [x',y'] are linked. In case it is reducible, it consists of the 
unique irreducible subrepresentations of 

< P',x,--- ,y > X < p;x',--- ,y' > and < p; x', • • • , y' > x < p; x, • • • , y > . 

Remark B.2. In fact, Zelevinsky proved this theorem only when both x — y ^ 0 and x' — y' ^ 0. 

Nonetheless, the Aubert involution functor on the Grothendieck group of finite length representations of 
GL{n,F) will send 

< P;x,--- ,y > X < p']x',--- ,y' > to < p; y, • • • , x > x < p'; y', • • • , x' > 

up to a sign, and it preserves irreducibility (see |Aub95| ). So one can easily extend the original result of 

Zelevinsky to this theorem. 

It is natural to ask for the notion of “link” for two segments [x, y] and [x', y'] such that {x—y){x'—y') < 0. 
To do so, we need to first generalize the notion of “segment”. We define a generalized segment to be 
a matrix 

Xii • • • X\n 

_Xml ■ ■ ■ Xmn_ 

such that each row is a decreasing (resp. increasing) segment and each column is an increasing (resp. 
decreasing) segment. The normalized induction 

X ^ Pi Xil, ' ' ' , Xin > 

has a unique irreducible subrepresentation, and we denote it by < p; {xij}mxn >■ Moreover, 

< p; {xjjlmxn > = < p; {xij}mxn ^ 
where {xjj}^xn is the transpose of {xij}mxn- 

For any two generalized segments {xij}mxn and {yij}m'xn' with the same monotone properties for the 
rows and columns, we say they are linked if [xmi,xi„,], [yrn'iiVin'] are linked, and the four sides of the 
rectangle formed by {xij}mxn do not have inclusive relations with the corresponding four sides of the 
rectangle formed by {yij}m'xn' (e.g-, [xihXin] ^ [yiiiVin'] and [xii,xin] ^ [yii,yin'], etc). It is easy 
to check that if {xij}rnxn and {yij}m’xn' are linked, then {xjjj^xn and {yijim'xn' ^iso linked. So 
for generalized segments {xyjmxn and {yij}m'xn> with different monotone properties for the rows and 
columns, we say they are linked if and {yij}m'xn' are linked, or equivalently {xij}mxn and 

{yij}m'xn' linked. One can check this notion of “link” is equivalent to the one in |MW89j . 
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Example B.3. For any two segments [x, y\ and [x', y'] such that {x — y){x' — y') < 0, we can view them as 
generalized segments by taking them as rows, and note they have different monotone properties. So we 
take 


[xM^ = 


y 


and [x',y] = [x'-.-T/'] . 


It follows that [x,y] and [x',y'] are linked if and only if [y,x],[x',y'] are linked, and x,y ^ [x',y'] and 
x',y' ^ [x,y]. 

The next theorem generalizes Theorem IB. II to the case of generalized segments. 


Theorem B.4 (Moeglin-Waldspurger |MW89| i. For unitary irreducible supercuspidal representations p,p' 
of general linear groups, and generalized segments {xij}mxn, {yij}m'xn'; 

< p] {Xij}mxn ^ ^ P ] {yij}m' xn' > 

is irreducible unless p = p' and {xij}mxn, {yij}m'xn' o.re linked. 

Let a,b be integers, we define Sp{St{p,a),b) to be the unique irreducible subrepresentation of 

X 5t(/9,a)||-(^-3)/2 X ••• X St{p,a)\\^’^-^y\ 

By the definition one can see Sp{St{p, a), b) is given by the following generalized segment 

{a — b)/2 ■■■ 1 —(o + 6)/2 

(a + 6)/2 —1 ••• —{a — b)/2 

The following result is a reinterpretation of Theorem IB.41 


Corollary B.5. For unitary irreducible supercuspidal representations p, p' of general linear groups, and 
integers a, b, a', b', and real number s, 

Sp{St{p,a),b)\\^ X Sp{St{p,a'),b') 

is irreducible unless p = p', {a + h + a' + h')/2 + s is an integer and 

|(a — a'')/2\ + 1(6 — 6^)/2| < |s| ^ |(a + + 6 + 6^)/2| — 1. 


Appendix C. Casselman’s formula and Application 


Let F be a p-adic field, and G be a quasisplit connected reductive group over F. Let 0 be an F- 
automorphism of G preserving an F-splitting, and we assume 9 has order 1. Suppose vr is an irreducible 
smooth representation of G{F) such that tt = vr®. Let A^(0) be an intertwining operator between vr and 
TT®, then we can define the twisted character of tt to be 


fG^in) := trace 



AAO) 


for / € G^{G{F)). It follows from results of Harish-Chandra |HC99] in the non-twisted case and Clozel 
|Clo87] in the twisted case, that there exists a locally integrable function 0^ on G{F) such that 


fGei'^)=[ f{9)'S>fi9)dg. 

Jg(f) 


We also call this function the twisted character of vr. If F = MA^ is a 0-stable parabolic subgroup of G, 
we denote by ttat the unnormalized Jacquet module of vr with respect to F, then Jacpvr = ttat ® 5p , 
where 5p is the usual modulus character. Note ttat = tt^ and At^{9) induces an intertwining operator on 
ttn- 
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We would like to extend Jacp to the space of twisted invariant distributions on G{F). Let R{G^) be 
the space of finite linear combinations of twisted characters of G{F) and 

R*{G^) = Hom(i?(G^),C). 

For any r G R{G^) and / € G^{G{F)), we define /qs (r) by linearity. So we can get a homomorphism 

G^{G{F)) R*{G% 

by sending / to ^/(t) := fQe{T). Let us denote the image of this homomorphism by Ftr{G^). Since 
C^{G{F)) is equipped with a direct limit topology of finite dimensional subspaces, any linear functional 
on this space is continuous. Moreover, we know the twisted invariant linear functionals on G^{G{F)) 
are supported on twisted characters (see [Kaz86[ Appendix, Theorem 1] and [Wall 71 Section 5.5]), so we 
can identify the space I{G^) of twisted invariant distributions on G{F) with Ftr{G^) := Hom(Ftr(G®), C). 
Under this identification, we have an inclusion of R{G^) in Ftr{G^), which sends r to Lr{lf) := ^/(t) for 
any/€C-(G(T)). 

The Jacquet functor induces a homomorphism 

Jacp : R{G^) R{M%, 


whose dual is 

ia.c*p : R*{M^) —^ R*{G^) 

(see |Rog88 Lemma 4.1]). The key step in extending Jacp to the space of twisted invariant distributions 
is the following lemma. 


Lemma C.l. Jac*p{Ftr{M^)) C F)^(G^). 

This lemma was first proved in the nontwisted case (see |BDK86[ Proposition 3.2]) and was later 
extended to the twisted case (see |Rog88 Proposition 7.1]). As a consequence, we have a homomorphism 

Jac*p : Ftr{M^) ^ FtriG^), 

whose dual is 

Jacp : Ftr{G^) Ftr{M^). 

By our previous identifications, this gives 

(C.l) Jacp : I{G% I{M%. 


To see this is really an extension of Jacp on R{G^), we have the following proposition. 
Proposition C.2. The following diagram commutes. 


R^G^) R(M^) 


Proof. Let r € R{G^) and h G G^{M{F)). By definition, we have 

Jacp (Z/T) (//i) — Z/T-(Jacp//i) — (Jacp//i)(T) — //i(JacpT) — Z/(jacpr)(^/i)' 

This finishes the proof. 

□ 

Let R{Gy^ be the space of stable finite linear combinations of characters of G{F) and 

R*{Gy^ = Hom(R(G)**,C). 


In the same way, we have 
(C.2) 


Gf°{G{F)) -^R*{Gy\ 
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Let US denote the image by Ftr{Gy^. The space Si{G) of stable invariant distributions on G{F) are linear 
functionals of the space of stable orbital integrals of G'y^{G{F)). It follows from [Art96l Theorem 6.1 and 
Theorem 6.2] that one can characterize the space of stable orbital integrals as space of functions on certain 
subset of R{GY^ through (IC.2p . In particular, the stable invariant distributions are also supported on 
characters. So we can identify SI{G) with Ftr{GY^ := Hom(Ftr(G')^^,C). By [Hir04[ Lemma 2.3], the 
Jacquet functor induces a homomorphism 

Jacp : R{GY^ R{MY\ 

whose dual is 

Jac;^ : R*{MY^ R*{GY\ 

The following lemma is an analogue of Lemma 1C. II 

Lemma C.3. Jac*p{Ftr{MYY C Ftr{GY^■ 

Proof. By Lemma lC.il we have a commutative diagram 

Tar* 

Ftr{M) - ^FtriG) 

Tar* 

R*{MY^ — ^R*{GY^- 

Then this lemma follows from the fact that Ftr{MY^ and Ftr{GY^ are images of Ftr{M) and Ftr{G) 
respectively. 

□ 


As a consequence, we have a homomorphism 

Jac^ : FtriMY^ Ftr{GY\ 

whose dual is 

Jacp : FtriGY^ Ftr{MY\ 

By our previous identifications, this gives 

(C.3) Jacp : ST(G) ^ Si{M). 

The following proposition is a direct consequence of Proposition 1C.21 
Proposition C.4. The following diagram commutes. 

R{GY^ r[MY^ 


For a strongly 0-regular 0-semisimple element g in G{F), let h = 0!=! ^*( 0 )) can associate it 

with a 0-stable parabolic subgroup by the construction in |Cas77| . and g € Mh{F). Now we 

can state the twisted version of Casselman’s formula. 


Theorem C.5. Suppose tt is an irreducible smooth representation of G{F) such that vr = vr®, and g is a 
strongly 6-regular 6-semisimple element in G{F). Let h = 01=1 ^*( 0 )- Then 



0 




( 0 ). 


Casselman proved this theorem only for 0 = id in [Cas77] Theorem 5.2]. It was generalized to the 
twisted case by Rogawski in |Rog88 Proposition 7.4]. What we are going to use is the following corollary 
of this theorem. 
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Corollary C.6. Let P = MN be a 9-stable parabolic subgroup of G. Suppose tt is an irreducible smooth 
representation of G{F) such that vr = tt®, and m is a strongly 9-regular 9-semisimple element in G{F), 
which is also contained in M{F). Then one can choose zm S ^m{F) (^m is the maximal split component 
of the centre of M) with \a{zM)\ sufficiently small (depending on m) for all roots a in N, such that 

&^\zMm) = e^^izum). 


Proof. Let g = zm'^Ui and h = 01=1 is not hard to check from the definition of P^ that P P Ph- 

Let P^ = M n P/i, it is the parabolic subgroup of M associated with /i, and it has Levi component M^. 
Let Nff = Mr\Nh. Then 


0 


GO 


.Mi 


M? 


(s) = 0.;,.(9) = ©(^i;) 


(9) = ©""(9). 


This finishes the proof. 

□ 


As an application of this corollary, we are going to establish diagrams (jfi.lj] and (j6.5p . First, let us 
recall the general setup of these diagrams. Let iL be a twisted endoscopic group of G, and we assume 
there is an embedding 

and i{^H) C Cent(s,^G) and H = Cent(s,G)‘^ for some semisimple s G G x 0. We fix (0-stable) Tp- 
splittings {Bh,Th, {‘^an}) ^'^d {BgiTg, {i^a}) for H and G respectively. By taking certain G-conjugate 
of f,, we can assume s G To 9 and (.{Th) = {Pg)^ and (.{Bh) T Bg- Let Wh = W{H,Th) and 

Wgb = W{G,TgY, then Wh can be viewed as a subgroup of Wgb- We also view as a subgroup of 
^G through 

We fix a standard 0-stable parabolic subgroup P = MN of G with standard embedding ^P ^ ^G. 
Then there exists a torus S C {T^)^ such that = Cent(S,-^G). Let Wj^e = W{M,Tg)^- We define 

WGe{H,M) := {tc G VF^el Cent{w{S),^H) —>■ Wp surjective }. 

For any w G WGe{H, M), let us take g G G such that Int( 5 ) induces w. Since Cent{w{S),^H) —>• Wp 
is surjective, g^Pg~^ H defines a parabolic subgroup of with Levi component g^Mg~^ n So 

we can choose a standard parabolic subgroup P(^ = of H with standard embedding ^P(, ^ 

such that ^P(j (resp. ^M(f) is Ff-conjugate to g^Pg~^ fl (resp. g^Mg~^ n ^H). In particular, M!^ 
can be viewed as a twisted endoscopic group of M, and the embedding —>■ is given by the 

following diagram; 

r . r . 5m', 


^G ^G 

where h G PI induces an element in Wp- Note the choice of h is unique up to Affoconjugation, and so is 
f,M^- If we change g to h'gm, where h' G H induces an element in Wp and m G M induces an element 
in Wjpe, then we still get but changes to Int(m“^) up to M^conjugation. To summarize, 

for any element w in 

WH\WGe{H,M)/WMe 

we can associate a standard parabolic subgroup P(jj = of H and a M-conjugacy class of embedding 

^ ^M. 


P' f- 

' w 
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After this setup, we claim the following diagram commutes. 


(C.4) 


^I{H) - >T{G^) 


©u; J p/ 


Jacp 


where the sum is over WH\WQe{H^ A/)/VF^e, and the horizontal maps correspond to the twisted spectral 
endoscopic transfers with respect to ^ on the top and on the bottom. In fact, it is enough to show 
the commutativity of this diagram restricting to the subspaces of finite linear combinations of (twisted) 
characters. 


(C.5) 


R{HY^ — 

©lu Jp/ 


-4 R{G^) 
Jacp 

^R{M^), 


where the horizontal maps are given by the restrictions of twisted spectral endoscopic transfers, whose 
existences are due to |Art96] and |MW16l Appendix]. 

Lemma C.7. The commutativity of the diagram (IC.5p implies that of ()C.4h . 

Proof. By taking dual of the diagram (|C.5p . we get 


R*{Hy^ < - 

©i(j Jac* / 

By restriction, we have 


FtriHY^ ^ 

©li; Jac f 

Then the diagram (jC.4h is simply its dual. 


■R*{G^) 

JaCp 

R*{M^). 


■Ftr{G^) 

Jacp> 

Ftr{M%. 


□ 


As a consequence of this lemma, we only need to show (IC.5p . To apply Corollary 1C.61 we need to give 
another description of the twisted spectral endoscopic transfer. With respect to the embedding there is 
a map from the semisimple fI(T)-conjugacy classes of H{F) to the 0-twisted semisimple G(.F)-conjugacy 
classes of G{F) (see |KS99j i. If is a finite linear combination of twisted characters of G{F) and 0^ 
is a stable finite linear combination of characters of H{F), then we say 0^ transfers to 0^ if for any 
strongly 0-regular 0-semisimple element 'Jg in G{F) 


(C.6) 


0 


G' 


(7g) = 




Pgo {igY 


^g,h{ih,1g)Q^{ih) 


where the sum is over fI(F)-conjugacy classes of 7 ^ in H[F) that map to the 0-twisted G(.F)-conjugacy 
class of 70 ”. In this formula, /S.g^h{--, ■) is the transfer factor (see |KS99] i. and it is built into the transfer 
map introduced in Section Hj Dh{-) and Dgb{-) are the (twisted) Weyl discriminants. 

From now on let us fix 7 ^ = 7 ^ contained in M{F). 
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Lemma C.8. (1) If the H{F)-conjugacy class {'yH}H{F) of in H{F) maps to the 9-twisted G{F)- 

conjugacy class 0 / 7g with respect to then there exists w € WH\WQe{H, M)/WMe 

such that some H{F)-conjugate of^H is contained in M^{F), and the M^{F)-conjugacy class 

(F) of maps to the 9-twisted M{F)-conjugacy class of •^m with respect to 

Cm^- 

(2) The correspondence in (1) gives a bijection between H{F)-conjugacy classes {'yH}H{F) of jh in 

H{F) that map to {7g}g(f)> o,nd triples {7Mi}M^(F)) indexed byw e Wh\Wg9{H, M)/Wm9, 

where {7M4 }m^(f) rnaps to 

Proof. We fix a 0-stable pair {Bm,Tm) in M, where Bm is a Borel subgroup of M defined over F and 
Tm C Bm is a maximal torus defined over F, such that there exists jm = m~^^M9{m) € Tm for 
m E M{F) satisfying Nq{^m) £ {TM)e{F), where Nq : Tm —)• {TM)e- Let B = BmN and T = Tm, then 
{B, T) is a 0-stable pair in G, and we fix 7 ^ = 7m- 

Suppose {'Ih]h(F) maps to {7G}g(^)) let Th = Cent( 7 H, -ff), then there exists an admissible embedding 
L : Th —>■ Tq defined over F, where Tq is the 0-coinvariant group of T, such that it sends "yn to Ngifyc)- 
The 0-stable Tir-splitting of G induces a 0-stable Ti^-splitting (Sm, Tm, {-L’aM}) Since T = Tm is 

contained in M, we can choose isomorphism (T®)^ —>■ {Tm)^ = {Tq)^ up to -conjugation. Then we 
get an element w E Wqs defined by the following diagram 


Th —^ (fy —^ (rlf 

Th ^ {TSf ^ {rif. 


Recall = Cent(5,for S C (7^)°, so S is rir-invariant. Since {T^)^ —)• (Tm)^ is defined by 
conjugation in M, the image of S in {T^)^ is also Tir-invariant. Note Th —>■ Tq is defined over F, 
so the image of S in Th is Tir-invariant. It follows Cent(i/;(S'), Wp is surjective, and hence 

w E Wq9 {H,M). The Ti^-splitting of H induces a TiT’-splitting {BM^,TM^,{^aj^, }) of Then we 
have the following diagram 



W 

Th (r|)0. 


The composition 

Th ^ Th ^ Tm[^ 

induces a homomorphism 7 : Th by Lf-conjugation, which is determined up to M|^-conjugation. 

Since the image S' of S in 7 m^ is TjT’-invariant and = Cent(5', ^H), one can show for any a E TiT-, 
there exists m' E M^{F) such that cr{r]) 07 “^ = Int(m^). By |Kot82[ Corollary 2.2], one can choose 7 
to be defined over F. Let Tm^ = TliTn) and 7 m^ = ilijn)- R follows from the following commutative 
diagram 
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that 

Th —^ Tq = {TM)e 

is an admissible embedding with respect to ^m'^- So (f) ™aps to {iMY^^f^py This proves part 

( 1 ) of the lemma. 

To prove part (2), we first want to show the map obtained above by sending to the triple 

{imY\m' (f)) is well-defined. If we fix the admissible embedding Th —)■ Tq, but change Th —>■ 

Th by IT^-conjugation and (T®)^ —)■ (Tj^)® by IT^s-conjugation, one can see w is well-defined in 
Wh\Wg^{PiM)/Wmi^- Moreover, (F) i® uniquely determined. Now let us vary the admis¬ 

sible embedding i by choosing 7 ^ G {ih}h(f) P{P) und i! : T'^ —)■ Tq defined over F, such that 
i'h e Tff{F) is again sent to Suppose 7 ^ = h'ynh ^ for /i G H{F). We claim 

i ^ o i' T'u —>■ Th 

can be given by conjugation in H. To see this, we consider the following commutative diagram 


Th 




^ Int(h)’ 


H 


^Th 




Here w' can be viewed as in IT(G,T)®. Since 9 preserves a splitting of G, we can choose g G G{F) such 
that 6{g) = g and Int( 5 () = w'. Since w' fixes Ne( 7 G), there exists t G T{F) such that 

giG9~^ = 7Gt~^0{t)- 


Then 

{tg)7G0{tgr^ = 7G- 

Since jg is strongly 0-regular, tg G T{F) and hence g G T{F). It follows w' = 1, and we have o i' = 
Int(/i)“^. 

As a consequence of our claim, we have 

T'h -> Th -^ {fy -^ {Tlf 


Th — Th ^ (r|)0 {T^f 

This means w is unchanged in WH\WGe{H, M)/W;^^e. Moreover, we have 



i i I r II 

t'h -^ Th -^ Th {T^f -> {fy 


It is easy to see that one still gets the same {7 m^}m' (f)- 

Next we want to construct the inverse. For any triple , { 7 M 4 (F)) > let Tm:^ = Cent (qM^,, ). 

Since m^{f) uiaps to we have an admissible embedding {TM)e with respect to 
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) which sends 7 M 4 to •jm ■ Let 'Jh = and Th = Tm:^ ■ It follows from the following diagram 

^M' 


tJU' 


Th 


-4- Tm' 




■e ^o 


^{T\ 


m) 


A Th (rj)o —^ {fy 


that Th —>■ Tg is an admissible embedding with respect to So {'yH}H(F) niaps to { 7 g}q(^)- In this 

way, we send (-P^, { 7 m 4 }m 4 (f)) to {'yHjniF)^ where 7 ^ = 7 m 4 - Finally, it is easy to check that this 

map does give the inverse. 

□ 

As a consequence of this lemma, we can rewrite the right hand side of (jC. 6 p as 


^ '1m' 


T>gs{imY 


So the next step is to write the summands in terms of M and M^. First, it is easy to check from the 
definition of transfer factors that 


Dh{1M'J ^ ^ , 


T>go{1m) ’ 

Secondly, there is a natural homomorphism from Am to Am^ with respect to (see |KS99j ). For zm G 
Am{F), let be its image in Am[^{F), then the M4(F)-conjugacy class of ZM^'iM’^ maps to the M{F)- 
conjugacy class of zm'/m- Moreover, sup\a' {zm'^)\ for roots a' in N'^ is less than sup\ 01=1 for 

roots a in N. 

Let 


(resp. =y^d^j-e^r) 

' w,j 


be the (resp. stable) finite linear combination of (twisted) characters of M (resp. M)),) obtained from 0'^'^ 
(resp. 0^) by taking the unnormalized Jacquet modules. If we take zm G Am{F) so that sup\a{zM)\ is 
sufficiently small for all roots a in N, then by Corollary 1C.61 


{zmIm) = {zmIm), 


and 

Besides, it is easy to verify 

and 


0 {zMi,lM[,) = Q 


Fg<){zm1m) = dp{zMlM) ■ DMoizM^M), 


Dh {zm^ 7m 7 ) = 5p/ {zm^ 7m^ ) • Dm^ (zm^ 7al^ ) • 

Putting all these together, we get 

dp{zMlM)~^^‘^F)^ {zmIm) 

Fm'Azm'Im'? 


E E 


DMe{zMlM) 


—Am,M l, 


„ {ZMI^IMI,, ZMlM)dpi, {ZMI^IMI,) {zmI^IMI 


-^w ' ' 


Since zm, zmi, are in the centres of M and M)), respectively, we have 

Am,mi,{zmi,1mi,-,zm1m) = x'w{zm)Am,mi,{imi,Tm), 
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^p{zm1m) {zmIm) = C,M,i{zM)5p{lM) ( tm ), 

Spi, {ZM^ 7M4 ) “ ©iI5“, [ZM!^ IM!^ ) = Cm 7 ,i (tm^ ) " ©!!^“. (TM^, ), 

DMe{zM7M) = D]^e{'^M)-, 

Dm'^ {zm^ 7M^ ) = (7Mi,), 

where X^, CM,i) ^-^e the corresponding central characters. Hence 

y^(ci • (5 p(7m)“^'^^©^ (7m)) ■ CmA^m) 

i 

= Y.Y. Z] (7m7,7m)'5p^(7m7) (Tm^,)) ■ 'x'w{zM)CM’^,j{zM!j- 


T'm'.-^T'm 


Let 

and 


aM,i — Ci • 6p{'yM) (7m), 


We also write xmY^m) = CmY^m) and Xw,j{zM) = x'w{zM)CM:^,j{zM'J- Then we can get a short 
expression 


(C.7) E flM.i • XmY^m) = EE bw,j ■ Xw,j{,ZM^t 

i w j 

and it suffices for us to show this holds when zm = 1, i-e., 

®M,j = ^w,j- 

i w j 

In fact, we can choose zm S ^ Am{F) such that (|C.7p holds provided \zm\ < Qp^ for some positive 
integer k, where gp is the order of the residue field of F. Then it is enough to have the following lemma. 


Lemma C.9. For quasicharacters Xi of F^ and complex numbers ai, if 

r 

'^aiXi{z) = 0 
i=l 

provided 1^1 < for some positive integer k, then 

r 

yy Qj = 0- 

i=l 

Proof. Suppose Xi are distinct, we claim a, = 0 for 1 ^ i ^ r. It is clear that this lemma will follow from 
our claim. So next we will show the claim by induction on r. When r = 1, there is nothing to show. In 
general, let us first assume all Xi are unramified. We choose zq E F^ such that \zo\ < qp^, and denote 
Xi(^o) by Ci. Then 

= '^aiXi{zl) = 0 
i i 

for any positive integer j. In particular, {oj} forms a solution of the linear system of equations defined 
by the matrix where we let 1 ^ j ^ r. Since | detdC'/jrxr)! = | Hi Ci\ ■ OisSi 0, then 

ai have to be all zero. Now suppose some Xi is ramified, we can replace Xi by Xi •= Xilxi for all i. If x( 
are all unramified, then we are back to the previous case. If x((, is ramified for some io > 1, then we can 
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choose some unit of the ring of integers of F such that Xi^iu) / 1. By subtracting Xi{u) from 

Y,iaiXi{uz), we get 

'Y^aiixiiu) - Xi{u))Xi{z) = 0 
i>l 

provided \z\ < qp^. By induction, we have ai{xi{u) — Xi(w)) = 0 for i > 1. Since Xio(^) “ Xi(^) 7 ^ 0 by 

our assumption, this implies = 0. Hence 

'^aiXiiz) = 0 
i^io 

provided \z\ < Qp^- By induction again, we have a* = 0 for i ^ iq. This finishes the proof of the claim. 

□ 
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